J. M. Moore, 2025

Part I1A: Mathematics for Natural Sciences A
Examples Sheet 13: Exact differentials, algebra of differentials,
and applications in thermodynamics

Please send all comments and corrections to jmm232@cam.ac.uk.

Exact differentials, and exact ordinary differential equations
1. Letw = P(x,y)dx + Q(z, y)dy be a differential form.

(@) Whatdoesitmean to say thatw is exact? Define also a potential function for a given exact differential form.
(b) ShowthatdP/dy = 0Q/dx is a necessary condition for w to be an exact differential form.

2. Determine whether the following differential forms are exact or not. In the cases where the differential forms are
exact, find appropriate potential functions f.

(@) ydx + zdy, (b) ydzx + x2dy, © (z 4+ y)dx + (x — y)dy.
3. Find all values of the constant a for which the differential form:
(y? sin(az) + zy® cos(az)) dz + 2zy sin(az)dy
is exact. Find appropriate potential functions in the cases where the differential form is exact.

4. let P(z,y, 2)dx + Q(x,y, 2)dy + R(z,y, 2)dz be a differential form in three dimensions. Show that:
oP_0Q 0P _OR  0Q OR

By Oz’ 9z o0z 0z Oy
is a necessary condition for the differential form to be exact. [It turns out that this is also a sufficient condition, under
suitable criteria which you may assume hold.] Hence, decide whether the following differential forms are exact or not,

and find appropriate potential functions in the cases where the forms are exact:
(@) zdx + ydy + zdz, (b) ydx + zdy + xdz, © 2z 24 dx + 3x2y? 24 dy + 4xy323dz.

5. Explain what is meant by an exact first-order ordinary differential equation, and describe how you can solve one. Show
that each of the following first-order differential equations is exact, and hence find their general solution:
dy

(0) sinh(z) sin(y) + cosh(z) cos(y) P 0.

‘ dy dy o + 4y
(@) 2z + e¥ + (we? — cos(y))% =0, (b) Fr 8% — 4z

6. (a) Showthatthedifferential form Pdx + QQdy can be made exact through multiplication by the integrating factor

w(x)ifand only if:
1(or _oQ
Q\ody Ox

(b) Hence, find a function p for which the differential form:

isindependent of y.

w[(cos(y) — tanh(x) sin(y))dz — (cos(y) + tanh(z) sin(y))dy]
is exact.
() Usingthe result of part (b), solve the differential equation:
dy _ cos(y) — tanh(x) sin(y)

dxr  cos(y) + tanh(z)sin(y)
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Algebra of differentials

7.

10.

1.

Let f, g be functions of (x, y), leta, b be constants, and let F' : R — R be any differentiable single-variable function.
Prove the following basic properties of differentials:

@d(af +bg) = adf +bdg,  (b)d(fg) = fdg+gdf,  ©@Qd(F(f))=F'(f)df.
Hence, without computing partial derivatives, show thatif f(z,y) = log(zy?), we have:

dr 2d
_de | 2dy
T Yy

df

Now, verify that your result is correct by computing the partial derivatives of f(x, y).

The period T of a simple pendulum can be approximated by the formula:

l
T=2my|—,
g

where [ is the length of the pendulum, and g is gravitational acceleration.

(@) Bytakinglogarithms, show that:
dI' _dl dg
T 20 29
(b) Hence, estimate the percentage change in the period of a pendulum if: (i) the length is increased by 0.1%; (ii)
gravitational acceleration increased by 0.2%.

The magnitude of the gravitational force between two points masses my, ms which are separated by a distancer > 0
in three dimensional space is given by:
Gm1m2
F(Tamlva) = T7

where G is a positive constant. Find dF" in terms of dr, dm; and dms. Hence compute the (approximate) fractional
change in distance if there is no change in the force, and the masses of both particles increase by 1%.

The energy, E(m, v), of a relativistic particle of rest mass m and speed v is given by:

m02

1=/

FE =

where ¢, the speed of light, is a constant.

(@) FinddFE intermsofdm, dv.

(b) Two particles, A, B, have equal energy and move at 90% and 91% of the speed of light respectively. Particle
A has rest mass m 4. What is the (approximate) difference in the rest masses of the particles, in terms of m 4?
Which particle has the larger rest mass?

The differential of the volume V' of a geometrical figure is given by:
dV = 2nrhdr 4+ wridh,

wherer and h are non-negative parameters and the volume vanishes when these parameters are zero. Find an expres-
sion for the fractional change in volume dV/V for fractional changes in the parameters dr/r and dh/h. Find dV/V
if r increases by 1% and h increases by 2%.
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Applications in thermodynamics

[This section applies everything we have learned about partial derivatives to a topic that is important in both chemistry and physics.]

12. A thermodynamic system can be modelled in terms of four fundamental variables, pressure p, volume V', tempera-
ture T, and entropy S. Only two of these variables are independent, so that any pair of them may expressed as func-
tions of the remaining two variables. The fundamental thermodynamic relation tells us that for any given system, the
differential of the internal energy U of the system is related to the differentials of the entropy and volume via:

dU =TdS — pdV.

(@) Give a physical interpretation of each of the terms in the fundamental thermodynamic relation.
(b) From the fundamental thermodynamic relation, prove Maxwell’s first relation:

(), =~ (@s),

(c) Bydefininganappropriate thermodynamic potential, show that —SdT — pdV is an exact differential. Deduce

Maxwell’s second relation:
95\ _ (o
ov), \oT ),

(d) Through similar considerations, derive the remaining Maxwell relations:

@)= (), (5).~(x),

13. Aclassical monatomicideal gas has equations of state:

T3/2
pV =nRT, S =nRlog (V )

D
where n is the amount of substance in moles, which we consider constant, R is the gas constant, and @ is a constant
which depends on the type of gas.
(@) Usingthe fundamental thermodynamic relation, show that the internal energy of the gasisU = %nRT.
(b) Byappropriately expressing each pairof thermodynamicvariablesin terms of the remaining pair, verify Maxwell’s
relations for this thermodynamic system.

14. (a) Usingthe fundamental thermodynamicrelation, and the Maxwell relations, prove that:

ou dp

—) =T(=) -»p

ov ), oT )y,
(b) InavanderWaals gas, the equation of state is:

_RT a
P=y = v

where a, b, R are constants. Using part (a), derive a formula for U in terms of V, T, assuming that U — ¢T’, for
some constantc,as T’ — oo.

15. (a) Findan expression for (gg)T — <g€)s in terms of (g{i)r[and (gi)v

(b) Hence, using the fundamental thermodynamic relation, show that:
Olog(p) \ _ (9log(p)\ _ (9(V)\ [p~'(0U/0V)r +1
0log(V) ) 2log(V) / o or )., (OU/dT)v '
(© Show that for a fixed amount of a classical monatomicideal gas, pV/5/2 is a function of S. Hence, verify that the
relation in part (b) holds for a classical monatomicideal gas.




