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Part IA: Mathematics for Natural Sciences A
Examples Sheet 14: Gradient, directional derivatives, and contour sketching

Please send all comments and corrections to jmm232@cam.ac.uk.

Gradient, directional derivatives, and tangent planes

1. Define the gradient∇f of a scalar function. Calculate the gradient of each of the following two-dimensional functions:

(a)x2 + y2, (b)xy, (c)x2y2.

In each case, explain why the gradient at a given point (x, y)points in the direction of greatest increase of the function
at that point. Is this a general phenomenon?

2. Calculate the gradient of each of the following three-dimensional functions:

(a)xyz, (b) e−1/(x+y+z), (c) e−α2x2−β2y2−γ2z2

,

whereα, β, γ are constants.

3. Let f(r) be a function only of the spherical radial coordinate r =
√
x2 + y2 + z2. Show that ∇f(r) = f ′(r)x̂,

where x = (x, y, z) is the general position vector. Hence evaluate:

∇ (r) , ∇
(
1

r

)
, ∇

(
e−r

r

)
.

4. Let a be a fixed vector in Rn, and let x = (x1, ..., xn) be the general position vector in n dimensions. Calculate the
gradient of each of the following three-dimensional functions:

(a) a · x, (b) x · x, (c) |x|−1.

5. (a) Find the rate of change of the function f(x, y, z) = ln(x2 + y2) + z at the point (3,−4, 5) in the directions:
(i) (3,−4, 0); (ii) (1, 2, 0).

(b) Find the directional derivative of the function f(x, y, z) = 1
2 [(x − 1)2 + (y − 1)2 + (z − 1)2] at the origin

(0, 0, 0) in the direction (1, 1, 0).

6. Find the equations of the tangent planes to the following surfaces at the specified points:

(a) z = 3x2y sin(πx/2) at the pointx = y = 1;
(b) xz + z2 − xy2 = 5 at the point (1, 1, 2).

If you placed a ball on the surface in part (a) at the pointx = 1, y = 1/2, which way would it roll?

Classification of stationary points

7. Describe the classification of stationary points of a function of two variables f(x, y) via conditions on the second par-
tial derivatives of the function at the stationary point. Hence or otherwise, sketch the contours of the functions:

(a) f(x, y) = x2 − 4xy + y2;
(b) f(x, y) = x2 + xy + y2;
(c) f(x, y) = x2 + 2xy + y2.

Add some arrows to your sketches, indicating the direction of the gradient vector at salient points.
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Contour sketching

[This section is supposed to give you some ideas for things you might consider when sketching the contours of a function, outside of just
classifying the stationary points using the second derivative test. Often only the second derivative test is lectured!]

8. (Largex, y behaviour) Consider the function:

f(x, y) = x2 + xy + y2 − x3.

(a) Show that this function has two stationary points, and classify them using the second derivative test. Find also
the equations of the contour lines passing through any saddles, if there are any.

(b) Explain why, for very large x, y, the contours become roughly vertical. [The large x, y behaviour is often a useful
point to consider when preparing a contour plot.]

(c) Hence, sketch the contours of the function.

9. (Symmetry) Consider the function:

f(x, y) = x2 + 4xy + y2 + x4 + y4.

(a) Show that this function has two stationary points, and classify them using the second derivative test. Find also
the equations of the contour lines passing through any saddles, if there are any.

(b) Explain why, for very large x, y, the contours begin to resemble x4 + y4 ≈ k for k constant. What does this
figure look like?

(c) Explain why this function is symmetrical in the lines y = x and y = −x. [Symmetry in the linesx = 0, y = 0 or
the linesy = x, y = −x is often a useful point to consider when preparing a contour plot.]

(d) Hence, sketch the contours of the function.

10. (Zero contours) Consider the function:
f(x, y) =

x+ y

x2 + y2 + 1
.

(a) Show that this function has two stationary points.
(b) Find the equations of the zero contour(s) of the function. Explain also why the function tends to zero for very

large x, y. Hence, classify the stationary points you found in (a), and thus sketch the contours of the function.
[If you can calculate them, the zero contours of a function are often a useful tool in classifying stationary points without
using the - rather cumbersome - second derivative test.]

(c) Now, find the analytical equations of the contours of the function, and hence verify that the sketch you produced
in part (b) is accurate. [If you can calculate them, the analytical equations of the contours can be a very useful check!]

11. (Failure of the second derivative test) Consider the function:

f(x, y) = x2y2 + x4 + y6.

(a) Show that this function has a single stationary point, but that the second derivative test fails to classify it.
(b) Using another method, classify it, and sketch the contours of the function.

12. (Reduction to one dimension, and polar coordinates) Consider the function:

f(x, y) = x4 + y4 − x2y2.

(a) Show that this function has a single stationary point, but that the second derivative test fails to classify it.
(b) By examining the behaviour of the function along the lines y = x, y = −x, x = 0 and y = 0, classify the

stationary point, and hence sketch the contours of the function. [Examining a function along specific lines through a
stationary point reduces the problem to a one-dimensional problem, often aiding in classification of a point.]
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(c) Show that the function can be rewritten in terms of polar coordinates as:

f(r, θ) =
1

8
r4 (3 cos(4θ) + 5) .

Hence, verify that the sketch you provided in part (b) is accurate. [Sometimes, switching into polar coordinates can
be very helpful in understanding the nature of a stationary point - particularly in cases where the function factorises as
g(r)h(θ) in polar form.]

13. (Another polar example) Consider the function:

f(x, y) = (xy − y)e2x−x2−y2

.

By writing x− 1 = r cos(θ), y = r sin(θ), express the function in polar coordinates about (1, 0). Hence show that
the function has five stationary points, classify them, and produce the contour plot for the function. How does this
analysis compare with the second derivative approach?

Miscellaneous contour sketching

[This section contains a large number of functions of two variables for which you are asked to produce contour plots. If you are getting
bored, feel free to skip some and leave them for the supervision.]

14. In light of Questions 8-13, make a list of things you could consider when producing a contour plot of a function of two
variables f(x, y).

15. Produce contour plots for each of the following functions, in each case: (i) indicating the nature and location of the
stationary points; (ii) providing equations for the contour lines through saddles; and (iii) adding some arrows to your
sketch showing the direction of the gradient vector∇f at different points.

(a) x4 + y4 − 36xy; (b) 4x2 + 4y2 + x4 − 6x2y2 + y4;

(c) 2x3 + 6xy2 − 3y3 − 150x; (d) 1
2 (x

2 + y2) + x2y − 1
3y

3;

(e) xy(x2 + y2 − 1); (f) x6 + y6 − 24x2y2;

(g) x ln(x)− y2; (h) (1− x2 − y2)2 + 7
2 ln(3 + y2);

(g)
1

x2 + y2 + 1
; (h)

2(y − x2)

1 + x2 + y2
;

(i) (x2 − y2)e−x2−y2

; (j) (1− 4xy) exp(−x2 − y2);

(k) ex + ey − x− y; (l) ex − ey + x− y;

(m) exp( 12 (x
2 + y2) + 1

4x
4); (n) exp( 12 (x

2 + y2)− 1
4x

4);

(o) sin(x) sin(y); (p) 1− cos(x) + 1
2y

2.
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