J. M. Moore, 2025

Part IA: Mathematics for Natural Sciences A
Examples Sheet 5: Differential calculus, Riemann sums, and basic integrals

Please send all comments and corrections to jmm232@cam.ac.uk.

Limit definition of the derivative
1. Lety = y(x) be a function of . Define the derivative dy/dx of y as a limit. Using the limit definition:

(@) show thatdifferentiation is a linear operation;
(b) find the derivative of y(x) = 2™, forn =0,1,2,3, ....

Hence obtain the derivative of ax + bx? sin(f), where a, b, § are real constants.

2. (a) Usingonly the limitdefinition, show that fora > 0, the derivative of y(z) = a® is proportional to a®.
(b) One definition of the number ¢ is the value of a for which the proportionality constant in the previous partis 1.

Using only this definition, show that the derivative of o is given by log(a)a®.
Rules of differentiation

3. State the chain rule, the product rule, the quotient rule, and the reciprocal rule, respectively. Make sure you know
them off by heart!

4. Usingthe rules you derived in the previous question, compute the derivatives of:

d) 3 log(oc2 -7, () v/ x3 — e log(x).

5. Bywritingeach ofthe followingtrigonometricand hyperbolicfunctionsin terms of exponentials, compute their deriva-
tives: (a) cos(x); (b) sin(x); (c) cosh(z); (d) sinh(x); (e) tan(z); (f) tanh(x). Learn these derivatives off by heart.

e.’l;

(@) log(x), (b) 37", ©
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o

. Using: (i) the logarithmic formulae for the inverse hyperbolic functions you derived on Sheet 4; (ii) the reciprocal rule,
compute the derivatives of: (a) cosh™*(z); (b)sinh™*(z); (¢) tanh™*(z). Learnt these derivatives off by heart.

d3 dy\ @ dy\ " [ Py\*
Ify = y(x)isafunction ofx,showthatd—yf =— (di) d—xg—i—ii <di) (d:vg) .Verify thiswheny = 2%,

~

8. What is implicit differentiation, and why is it called implicit? Using: (a) implicit differentiation; (b) the reciprocal rule,
find dy/dx giveny + e¥ sin(y) = 1/, and make sure that your answers agree.
Curve-sketching

9. State what it means for a function to be even and for a function to be odd, and explain the geometric significance of
these definitions. Hence, decide whether the following functions are even, odd, both, or neither:

1+
1—2z|

@z, (b)sin(z), ©@e*, Dsin(F —xz), (e)|r|cos(z), @Oz (@2 ()0, ()log

10. Writedownalistofthingsyoushould considerwhen sketchingthe graph of a function. Compare with your supervision
partner before the supervision, and exchange ideas!

11. Sketch the graphs of the following functions, explaining your reasoning in each case:

T 2 +3
—. . (d) ze”, ,
T a2 (c)x—l (d) ze (e)1+z

log(x) 1

@ (x—3)° +22, (b) 0

(g) €* cos(x).
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Riemann sums and the definition of the integral

12. Explain what is meant by a Riemann sum for a function f : [a,b] — R using a partition P = (o, ..., ) (with
xg = a,x, = b)andtagging T = (t1,...,t,). By choosing appropriate partitions and taggings in each case, use
sequences of Riemann sums to evaluate the definite integrals of the following functions on [0, 1] from first principles:

@z, (b) 22, © 23, (d) /z, (e) cos(x).

[Hint: For part (d), consider a non-uniform tagging. For part (e), consider the integral of Re(e®®) instead of cos(x).]

. . . . . dx
13. Using a non-uniform tagging, use a sequence of Riemann sumstoevaluatethe|ntegra|/— where a > 0.
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14. Assuming standard integrals, show by considering Riemann sums that lim Z — =
n—>ook 1 n 4

Basic integrals

15. Write down the indefinite integrals of each of the following functions, where a # 0, « # —1, and f is any (differen-
tiable, non-zero) function:

(@ (azx +b)%, (b) eat?, © (az+b)71 (d) sin(azx + b), (e) cos(axz +b),
® sec?(ax +b), (8 cosec?(ax +b), (h) sinh(az +b), (i) cosh(az +b), G0 f'(z)f(x)e,

() f'(x)/f(z).
Learn these integrals off by heart, and get your supervision partner to test you on them.

16. Using the results of the previous question, evaluate the definite integrals:

2 T /4 1
2¢ +4
N 0 2
(a)/(x 1)? da, b)/ dg, (c /COS(CU) dz, d / sec”(z) /ac —|—4J’—|—1
0 0 —m/4 0

17. By writing cos(bx) as the real part of a complex exponential, determine the indefinite integral of e® cos(bx). Simi-
larly, determine the indefinite integrals of e” (sin(z) — cos(z)) and e® (sin(z) + cos(z)).




