J. M. Moore, 2025

Part IA: Mathematics for Natural Sciences B
Examples Sheet 6: Single-variable integration

Please send all comments and corrections to jmm232@cam.ac.uk.

Questions marked with a (x) are difficult and should not be attempted at the expense of the other questions. A section
marked with a () contains content that is unique to the Mathematics B course.

Riemann sums and the definition of the integral

1. Explain what is meant by a Riemann sum for a function f : [a,b] — R using a partition P = (xq, ..., Z,,) (with
xo = a,x, = b)andtaggingT = (t1,...,t,). By choosing appropriate partitions and taggings in each case, use
sequences of Riemann sums to evaluate the definite integrals of the following functions on [0, 1] from first principles:

@, (b) 22, (0 22, (d) (e) cos(z).

[Hint: For part (d), consider a non-uniform tagging. For part (e), consider the integral of Re(e®®) instead of cos(x).]

2. Using a non-uniform tagging, use a sequence of Riemann sums to evaluate thelntegral/ TTa ,where o > 0.
vn2—-k2 ¢
3. Assuming standard integrals, show by considering Riemann sums that lim E _— =
n~>ook ‘ n2 4

4. (%) Ifasequence of Riemann sums for a function f : [a, b] — R converges, must the function be integrable?

Basicintegrals

5. Write down the indefinite integrals of each of the following functions, where a # 0, « # —1, and f is any (differen-
tiable, non-zero) function:

(@ (ax +b)*, (b) e®*tb, © (ax+b)71L, (d) sin(azx + b), (e) cos(ax + ),
® sec?(ax +0b), (g) cosec’(ax +b), (h) sinh(az +b), () cosh(azx + b), G0 f'(z)f(x)*,
W f'(z)/f(z)

Learn these integrals off by heart, and get your supervision partner to test you on them.

6. Using the results of the previous question, evaluate the definite integrals:

2 b /4 1
20+ 4
—1)2%dz, () [ €do, dz, d 2( /
(a)/(x )/ (c /cos(x) x (d) / sec 2 —|—4x+1
0 0 —7/4 0

7. By writing cos(bx) as the real part of a complex exponential, determine the indefinite integral of e** cos(bx). Simi-
larly, determine the indefinite integrals of e” (sin(z) — cos(z)) and e® (sin(z) + cos(z)).

Integration by substitution

8. By means of an appropriate substitution in each case, determine the indefinite integrals of the following functions:
L (b) L (© L d o (e) L

, ) C ) ) €
V1 — 22 2 —1 V14 a? 1+ 22 1 —a?

Learn these integrals off by heart, and get your supervision partner to test you on them.

(@
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/ T . ®) 8 — 2x
Vi2+r+1 \/633—3:2

10. By means of an appropriate substitution in each case, determine the indefinite integrals of the following functions:

9. Using the results of the previous question, determine: (a)

@ava+3, (b) tan(z)/sec(x), (©) \/% (@ ﬁ

11. This question shows that any trigonometric integral can be turned into an algebraic integral through the use of the
powerful half-tangent substitution.

(@) Showthatift = tan (1z),thensin(z) = 2t/(1+4t%),cos(z) = (1 —t%)/(1+t*) andda/dt = 2/(1+1?).
Deduce that for any function f, we have:

— 2 d
/f(sin(a:),cos(x)) dmZ/f(litt271+i2) 12:152'

(b) Usingthe method derived in (a), find the indefinite integrals of the following functions:

(i cosec(x), (i) sec(x), 0 S eos(@)

Partial fractions and rational functions

12. Explainthe general strategy that one should adopt when integrating a rational function. Hence, determine the indef-
inite integrals of the following rational functions by decomposing into partial fractions:

1 b) 3z © 2+ a2+4r+6
1—22 202 4+ —1° 342z — 222 — 223 — gt

(@

Compare your answer to (a) with your answer to Question 7(e), where you evaluated the same integral using a substi-
tution. Are your results compatible?

Integration by parts

13. Using integration by parts, determine the following integrals:

/2 0o 1 oo
(@) / xsin(2z) d /xe*% dx, /mlog( > dx, (d)/:rgeﬂﬁ2 dx.
—n/2 0 0 0

14. By writing each of the following functions f(x) intheform1 - f(z), and using integration by parts, determine their
indefinite integrals:

(@) log(x), (b) log®(z), (©) cosh™*(z), (d) tanh™*(z), (e) sin(log(z)).

Reduction formulae

15.  (a) Showthatforn > 1, we have:

n—1

1
/sin”(x) dx = - cos(z) sin" "t (z) + /sin”fQ(ﬂc) dx + ¢,

where cis an arbitrary constant. Hence, evaluate / sin®(x) da.
/2

(b) Using (a), show thatthe integral I,, = / sin”(x) dx satisfies I, = (n — 1)I,,/n. Hence, evaluate I and I,.
0
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16. Establish reduction formulae for each of the following parametricintegrals:

@I, = /:1:"6712 dx, (b)J, = /:1:2” cos(z)dx, (K, = /x"ileﬂ” dr, (d)L, /(1—&(—1:552)"dm
0 0 0 0

Hence: (i) evaluate I3, I5; (i) evaluate J3, J5; (iii) establish a general formula for K,; (iv) evaluate L. (x) Using part
(), suggest a reasonable definition of z! where z is a complex number. Will this work for all complex numbers?
Miscellaneous integrals

[This section contains a large collection of integrals from past papers for you to do. If you feel like you are getting too much of a good thing,
feel free to save some of them for us to do together in the supervision.]

17. Evaluate the following integrals, using the most efficient method in each case:

Fod "1+ tan?(o)
T + tan“(x
Jhv= ® [ Tt
4 w/3
e?* — 2e” dx
(C)/ e?r 41 de (d)/ 1+ 3cos?(x)
4 2£L' 1
e~ g (h / ( sin( )d
(g)/x ‘ ’ " sin?(z) + log(z) * x(sin? () + log(x)) v
. — , sin(z)
0 /x B wd (])/ cos?(x) — 5cos(x) + 6 de
() / 1°gﬂf> da ) / V1—a?da
/2 5
(m)/tan cos (x) dx (n)/x2 log(z) dx
w/3 1
. arctan(z)
(0)/e”” sinh(3z) dx (p)/Tda:
’ @) i
3log(z) — 4 / .
d 3x)d
(Q)leogZ(x) — 3zlog(z) 4 22 * 0 ) zsin(3z) dr
. dx
: sin“(x)
(s)/sm(?x)e dx (t)/ cos2 () (tan® (z) — tan())
1/7
()/'2(33+2)1 =27, ()/'(2) (z)d
u sin” (3z z)log | 3—— | dz v) [ sin(2z) cos(z) dx
—-1/m
dx
(w)/mlog(x) dx (x)/m
sinh®(x) 1
———=d ——d
(y)/coshz(x) ‘ (Z)/sin2(3x—|—l) v
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The fundamental theorem of calculus

18. State both parts of the fundamental theorem of calculus. Use the fundamental theorem of calculus to evaluate the fol-
lowing derivatives:

z N

.92 z y
@i/mgﬁﬁuamijzcg/mw+w@,@;sm@#mew.

1 n=0 o

19. Without evaluating the integrals, determine the local extrema of the functions F}, F; defined by:
xr xr

(@ Fi(z) = /t2 sinz(t) dt, (b) Fy(x) = /e—t2 di.

0 —o0

Hence, sketch the graphs of the functions Fy, F5. [Note: Fo(x) — /7 sz — 00; see Question 23]

() Leibniz’s integral rule
20. Using the multivariable chain rule (we'll study it properly next term!), derive Leibniz’s integral rule:

b(z) b(x)
d db da 0
— t)dt = b —_— = — — t) dt.
& [ 1wod= b)) - f@a) G+ [ S
a(x) a(z)
Give a geometric explanation for the rule in terms of changing areas. Verify that the rule holds in the following cases:

@ a(xz) =0,b(x) =14 x,and f(x,t) = t(x —t);
(b) a(x) = 72% b(z) = x,and f(x,t) = 2%t + xsin(t).

: 4
21. Evaluate the limit lim 4 / &dt.
z—o0 dx (t—2)(t?+3)
sin(1/x)
22. Forallvalues of x, evaluate the integrals:
1 o] 1
t*—1 log(1 + x2t2) / sin(a log(t))
= | ——dt b = | ——=dt hiz) = | ———=—*=dt
@f@ = [yt O = [EEH e onw .

0
by considering the derivatives f(x), ¢’ (x), h'(z). This method is sometimes called Feynman’s trick for integration.

23. This question determines the Gaussian integral in a different way to the lectures (you will use a transformation to
polar coordinates on the next sheet!). Define:

x 2

1
efwz(t2+1)

f(l') = /€7t2 dt s and g(fL’) = /W dt.
0 0
Show that f'(x) + ¢'(z) = 0, and hence deduce that f(z) + g(x) = /4. Conclude that/(ft2 dt = g
0
(1) Integral inequalities
/2
z? w3 ™
24. Usingasketch, showthatsin(x) > 2z/7 for0 < z < 7/2. Hence show that / ——dr < — (1 - —) .
+ sin®(x) 8 4
0
/2
sin(x)

1 ™ s
25. State and prove Schwarz’s inequality for integrals. Use it to show that | ————dx < |/ — arctan (—)
quality g a1 1 5

0




