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IA Mathematics for Natural Sciences A:
Examples Sheet 6 - Methods of integration

Please send all comments and corrections to jmm232@cam.ac.uk.

Standard integrals

1. Using your knowledge of derivatives, write down the indefinite integrals of each of the following
functions, where a # 0, « # —1 and f is any (differentiable, non-zero) function:

(@) (ax +b)* (b) e?x+b (c) (ax +b)7 1 (d)sin(ax + b)
(e) cos(ax + b) (f) sec®(ax +b) (g) cosec?(ax + b) (h) sinh(ax + b)
: Iy « f'(x) 1
() cosh(ax +1) 0 /() R 0
1 1 1 1
(m) (ax+b)2—1 ) 1+ (ax+b)? ©) 1+ (ax+b)? ®) 1— (ax +b)?

Learn all of these integrals off by heart, and get your supervision partner to test you on them.

2. Using the results of the previous question, and the second fundamental theorem of calculus, evaluate
the definite integrals:

(a) /OZ(x —1)%dx (b) /n e do (c) /On cos(x) dx

(d) e secz(x) dx (e )/ xziic:xi— 7 dx ) /01 sinh(2x) cosh®(2x) dx
. 8 —2x

(g)/ 9+x2 (h)./o \/x2+x+1 ® / Vé6x — x2

3. By writing cos(bx) as the real part of a complex exponential, determine the indefinite integral of
#* cos(bx). Similarly, find the indefinite integrals of e*(sin(x) — cos(x)) and e*(sin(x) + cos(x)).

4. (Rational functions) Explain the general strategy that one should adopt when integrating a rational
function. Hence, determine the indefinite integrals of the following rational functions by decompos-
ing into partial fractions:

1 3x 4+ x2+4x+6

—_—, b) ——m——, .
(a)l—xz ()2x2+x—1 (C)3+2x—2x2—2x3—x4

Compare your answer to part (a) with your answer to Question 1(p). Are your results compatible?

Integration by substitution

5. Using substitutions, find: (a) verifying agreement with Question 1.
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6. By means of appropriate substitutions in each case, or otherwise, determine the indefinite integrals of
the following functions:

(@) xvx+3, (b) tan(x)+/sec(x), (c) \/1%7, (d) #

7. The Weierstrass t-substitution sets t = tan(4x). Show that under this substitution, sin(x) = 2t/ (1 + t2),
cos(x) = (1 —#2)/(1+#?) and dx/dt = 2/(1 + t?). Hence, find the indefinite integrals of:

1

(a) cosec(x), (b) sec(x), (c) 3T cos(x)’

8. (A subtle substitution) For any sufficiently well-behaved function f(x), prove the Cauchy-Schlomlich

formula: N N
/f(x) dx = /f(xi) dx,

x
by setting u = x — 1/x. [Hint: sketch tion of x.] Hence, show that | " dx = L.
y setting u = x — 1/x. [Hint: sketch u as a function of x.] Hence, show tha A1 x 7

—00

Integration by parts
9. State and prove the integration by parts formula. Using integration by parts, determine the following
integrals:
7T/.2 o] 1. 1 o0
(@) / xsin(2x) dx,  (b) / xe ¥ dx, (o) / xlog (x) dx, () / e dx.
~n/2 0 0 0

10. By writing each of the following functions f(x) in the form 1 - f(x), and using integration by parts,
determine their indefinite integrals:

(a) log(x), (b) log>(x), (c) cosh™!(x), (d) tanh 1 (x), (e) sin(log(x)).

Reduction formulae

11. (a) Show that for n > 1, we have: /sin”(x) dx = —%cos(x) sin 1 (x) + n—1 /sin”fz(x) dx.
Hence, evaluate / sin6(x) dx.
/2
(b) Using part (a), show that I, = / sin” (x) dx satisfies I, = (n — 1)I,,/n. Hence find I, I.
0

12. Establish reduction formulae for each of the following parametric integrals:

(o) 7T [0 [e9)
_ —x2 _ 2 _ -1, _ dx
@I, = O/x”e “dx, ()], = O/x "cos(x) dx, (¢)K, = O/x” e *dx, (d)L,= 0/(1“‘9‘2)’1 dx.

Using your reduction formulae, find I3, I5, J3, J5 and L4. Establish also a general formula for K.




