Part lll: Quantum Computation - Revision

Lectures by Richard Jozsa, notes by James Moore

1 Review of Shor’s algorithm

1.1 Setting up Shor’s algorithm

Definition: The time complexity of a quantum algorithm
operating on n bits is the number of unitary gates used in
the circuit. An algorithm has polynomial time complexity if
the time complexity is polynomial in n.

Definition: Let N be an integer (with n = O(log(N))
digits). The factoring problem is to determine a factor of
N, not equal 1 or N, in polynomial time.

It was shown in the Part Il course that the factoring
problem is equivalent to the periodicity-finding problem via
the Theorem:

Theorem: Choose a such that 1 < a < N with
ged(a, N) = 1 (note we can check this in polynomial time).
Then we can find a factor of N with probability strictly
greater than % by determining the period r of the function
f:Z — Zn,given by f(z) =a* (modr).

We thus switch to solving the periodicity-finding problem.
Since we’re working on a computer, we must work on a fi-
nite register Z,, so restrict the function fto f : Zy; — Zn
for M large.

AsSIDE: Recall from Part Il this creates technical is-
sues from the fact that f is now no longer fully periodic. It
was shown there that these issues are negligible provided
M = O(N?), and thus in this course, we’'ll ignore those
issues and assume f is fully periodic.

To implement f on a quantum computer, need to switch
to using Hilbert spaces for output and input registers. Use
Ha =span{|i) : i € Zy } and Hy = span{|k) : k € Zn},
where |i) and |k) are orthonormal bases. Now use result:

Theorem: Any function f : Zy; — Zy can be simu-
lated by the operation Uy : Hy @ Hy — Har @ H v defined
on a basis via

Uy |2} [k) = [i) [k + (@),

and extended to all of s ® H by linearity. Furthermore,
Uy is unitary, and if f can be computed in polynomial time,
then so can Uy.

Proof: Obviously simulates f, since passing |z) |0) to it
gives |z) | f(x)) back. Uy is unitary since it is a permutation
of the basis vectors.

Finally, if f can be computed in polynomial time, just
boost classical Boolean gates to quantum gates giving a
polynomial complexity circuit for Uy. O

Usually we suppose that we are given f in its quan-
tum form Uy, with U;’s inner workings unknown to us.

Definition: If Uy’s internal operation considered un-
known, it is called a blackbox or oracle. The number
of times we call U; in an algorithm is called the query
complexity of the algorithm.

We can now state the quantum form of the periodicity-
finding problem:

Definition: Let U; be a quantum oracle for the func-
tion f : Zy — Zn, where f is efficiently computable (i.e.
in polynomial time). Let m = O(log(M)) be the number of
digits of M. Suppose that:

e f is periodic, with unknown period r € Zx. That is,
flx+r)= f(x)forallx € Zy;, and r is the least such
positive integer for which this occurs.

e fis one-to-one in each period (note this is guaranteed
in the case of f(x) = a” from above, which we will use
in Shor’s algorithm). That is, for all 0 < z1, 22 < r, we

have f(iEl) 7é f(xg)

The quantum period-finding problem is to determine r
in order O(poly(m)) time, with any prescribed success
probability 1 — ¢, for e > 0.

1.2 Shor’s algorithm
Shor’s Algorithm:

M-1
1
1. Make the state — |#) |0) . Query the oracle U
i ; ) f

with this state to get
1 M-1
— > D 1f@)-
VM =

2. Measure the second register to see w = f(zy), with
0 < zg < r. Since f is periodic, it takes r distinct
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values all with equal likelihood, so w is uniformly ran-
dom, and hence z is uniformly randomon 0 < zy < r.

By the Born rule, the first register collapses to

per) = f Z |20 + jr) |

where A = M/r is the number of periods. Discard the
second register.

3. Apply the QFT to |per) (note this takes O(m?) time,
where m = O(log(M))): QFT |per) =

1 N 2mizoy ! 2mijry

0
ZCXp( ) Zexp( ) ly) .
VAM = M = M

Since r/M = 1/A, the sum in the curly brackets is

A-1
§ w]?l’
=0

where w is an Ath root of unity. Elementary algebra
tells us this is non-zero, and equal to A, iff y is a multi-
ple of A, say y = kKA. Thus the transformed state can
be written QFT |per) =

\[ Ze%zzom LAY = \[ Ze <2mm0kM> |7>

4. Measure QFT |per) to see some ¢ = koM/r, where
ko is uniformly random in 0 < kg < r — 1. Rearranging
we find:

C - ko

M
Both ky and r are unknown integers. If they were co-
prime, could cancel down ¢/M and read off the de-
nominator to give r. If not, perform this procedure
anyway and check: just compute f(0) and f(b) (where
b is our proposed r) and compare.

5. If our proposed r is wrong, run the whole algorithm
again repeatedly until we find the right r.

This algorithm works because of:

Theorem: The number of integers less than r and
coprime to r grows as O(r/log(log(r))). So in the above,
Prob(ko coprime to r) = O(1/ log(log(r))).

Proof: Not required. [

Theorem: If a single trial of an experiment has suc-
cess probability p, the probability of success in at least
one of K trials is greaterthan 1 — ¢, forany 0 < 1 — e < 1,

if K> —log(e)/p = O(1/p).

Proof: Elementary probability theory. [

Therefore, Shor’s algorithm requires K = O(log(log(r))) <
O(log(log(M))) = O(log(m)) repeats to find » with any
desired success probability. Hence it runs in polynomial
time (as each step was polynomial - in particular, the
Fourier transform needs O(m?) time).

1.3 A first look at shift-invariant states

The key to why Shor’'s algorithm works - and how it
generalises - is shift-invariant states.

Definition: The map £ — k + z¢ is called a shift by
xo. The corresponding quantum operation U(xg) is
defined on a basis by U(zo) |k) = |k + o) and extended
by linearity.

Theorem: The shift operators U(zo) obey (i) U(xo)
is unitary for all z¢; (i) U(x + y) = U(x)U(y) for all z, y;
(iii) {U ()} yez,, are simultaneously diagonalisable.

Proof: (i) Clear since permutation. (i) Clear from
definition. (iii) All U(z)’s commute by (ii). O

Definition: An element of the simultaneous, orthonor-
mal basis of common eigenvectors of {U(z)}, written
{Ixk)Yrez,,, is called a shift invariant state. We write
U(zo) = w(xo, k) |xx) Where w(zg, k) is some eigenvalue.
Since U is unitary, |w(xo, k)| = 1.

Shift-invariant states inspire the above algorithm as
follows. Define

5= g Ll

for any set S. f R = {0,r2r.,(A — 1)r},
then we have can write our periodic state as

lper) = Jzo+R) = U(xo)|R) in terms of the shift
operator.
M-1
Write |R) in the shift-invariant basis: |R) = Z ag |Xr) -
k=0
Therefore:

M—-1
Iper) = Zakw o, k) |Xk) -
k=

Note that the a;’s depend on r, but zy and & (which is a
dummy variable) do not. So measuring |per) with respect
to the shift-invariant basis must give information about r!

The probability of getting xi is |axw(zo,k)|? = |ax|?,
which is purely dependent on r and not zy. This is the
secret of Shor’s algorithm!
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How do we measure in such a basis |x;) then? Well,
we rotate |xx) back to the standard basis first, and then
perform the measurement. This will be our generalised
definition of the quantum Fourier transform:

Definition: The quantum Fourier transform is the
map defined by QFT |xi) = |k), and extended by linearity.

This is unitary because it maps an orthonormal ba-
sis to an orthonormal basis.

Thus applying the QFT as defined here, and then
performing a standard basis measurement, implements
the |xx) basis measurement.

Its all very well defining an operation like this, but
can we actually do it? We need an explicit formula for it,
one that agrees with our original Q F'T definition hopefully!

Theorem: An explicit formula for |xx) is

—2mikl/M l
Xk (& .
| \ﬁ 2 j 1)
Proof: Just need to verify th|s. We have U(xg) |xx) =

M-1

1
\/7 Z 6727rzlcl/M |l+l’0

on substituting [ =l + z¢. Factoring out a phase, we have
Ulzo) [xk) = e2™Re0/M |xy). O

M —
Z 627mkl z9)/M |l>
=0

glﬂ

Theorem: The QFT, as defined in terms of the shift
invariant states, has matrix elements:

1 vy
[Q FT} Xl 627”lk/]”,
as expected.

Proof: We have QFT |xx) = |k) = |xx) = QFT!|k).
Therefore we can read off from above:

1 .
[QFT?l]lk _ M€727rzlk/M.

Now take conjugate transpose, since QF'T is unitary. O

2 The hidden subgroup problem

2.1 The hidden subgroup problem

Definition: Let G be a group and let K < G be a subgroup.
Let f : G — X is a function implemented by the quantum
oracle Uy. Suppose we are promised that f is constant
on the left cosets of K in G, and f is distinct on distinct
cosets. The hidden subgroup problem is to ‘determine’ the
subgroup K in time O(poly(log(|G]))), with any constant
probability 1 — e < 1.

The word ‘determine’ is a little fuzzy here, as there are
many ways to present a subgroup. Examples of solutions
might include outputting a set of generators of K, or giving
a uniform sample of elements from K.

Note the time complexity we want to complete the
problem in is exponentially faster than just checking all
group elements.

Example 1: The period-finding problem is a hidden
subgroup problem. The group is G = Z,;, the func-
tionis f : Zy — X, and the hidden subgroup is
K ={0,r,2r,..,(A—1)r} < G. Clearly f is constant on
cosets.

To present K, we determine its generator, r.

Example 2: Letp € Z be prime and let Z;, = {1,2,..,p—1}
be the multiplicative group modulo p. An element g € Z,, is
a primitive root if powers of g generate Z;. It's a fact from
number theory that primitive roots always exist for prime p.

Let g be a primitive root. Then z € Z; may be writ-
ten x = ¢g¥, where y € {0,...,p — 2} € Z,_,. The power
y = log,(x) is called the discrete logarithm of x to the
base g. The discrete logarithm problem is to determine
log, () given g and .

The discrete logarithm problem is a HSP. Consider
[ Lypy X Ly — Z7 given by f(a,b) = g*z~"(mod p).
This is the same as f(a,b) = g*~¥" where y is the discrete
logarithm.

Notice that f(a,b) = ¢, where ¢ = ¢g* is some fixed value,
implies g* %" = ¢g*, andsoa —yb—k = 0 (mod p — 1).
Parametrise the solution as b = A\, a = b\ + k for
some A € Z,;. Then f(a,b) = c if and only if
(a,b) = Xy, 1) + (k,0).

Thus the hidden subgroup is the group generated by
(y,1), and the above result proves that f is constant and
distinct on the cosets of {(y,1)). Finding the subgroup is
equivalent to solving the discrete logarithm problem.

2.2 Shift-invariant states for Abelian G

To solve the Abelian HSP, we use the shift-invariant states
technique as in Shor’s algorithm. We restrict to Abelian
groups G now, and will discuss non-Abelian groups later.
To construct the states, we use the following approach.

Definition: An irreducible representation of the group G
on C* = (C\{0}, x) is a mapping x : G — C* satisfying
x(g91 4 92) = x(91)x(g2), i-e. it is a group homomorphism.
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Theorem: We have the following properties:

(i) x(g) is a |G|th root of unity; hence x : G — S!, the
unit circle.

(i) SCHUR’S LEMMA: If x; and x; are both irreps, then

> xil9)xi(g) = 6551GI.

geG

(iii) There are exactly |G| different irreps and no more.

Proof: (i) Since G is finite, there exists r (the order
of g) such that ¢ + g + ... + g (rtimes) = 0. Hence
1=x(0) = x(g+ ...+ g9) = x(g9)". Recall r divides |G| by
Lagrange’s Theorem and so x(9)" =1 = x(g)I¢l = 1.

(i) Define S = > xi(g)x;(g). Note that

geG
hS = xilg+h)xi(9) = > xil@)x; (@G- h),
geG geG

where g = h + ¢g. Now using the homomorphism property,
and x;(—h) = x;(h) (since inverses preserved by homo-
morphism, and x; (k) is unit modulus), we have

Xi(h)S = x;(h)S = (xi(h) — x;(h))S = 0.

If x; # x;, there exists h where they disagree. Hence
S =0ifi #j. Ifi = j, then from (i) the sum is trivially |G]|.

(iii) Not required in this course. [

By (iii) we can label the irreps as x, for g € G.

Example: x(g) = 1 for all g is an irrep, trivially. This
is called the trivial representation and we label it as x.

Theorem: For any y # xo, we have > x(g) = 0.
geG

Proof: Use Schur’s Lemma with x; = xo and x; # xo. O

Define the state space #; to be the span of the or-
thonormal basis {|g)}scc. Then, as in Shor’s algorithm,
we define:

Definition: The shift operators U(k) are defined by
U(k)|g) = |g + k), and extended by linearity (note + is the
group operation here).

Theorem: We have: (i) U(k) is unitary; (i)
URUK) = UMkRU(R); (i) {Uh)}hee are simulta-
neously diagonalisable.

Proof: (i) Just a permutation. (ii) Since group Abelian. (iii)
Immediate from (ii). O

Definition: The common orthonormal eigenbasis of
{U(k)}rec is called the shift-invariant basis, written
{Ixx)}rec, and its elements are shift-invariant states.

Definition: The quantum Fourier transform on the group
G is the unitary operation QFT satisfying QFT |xx) = |k),
and extended by linearity.

As before, we can explicitly construct the shift-invariant
states and the QFT.

Theorem: The shift-invariant states are given by
IXk) = ﬁ Z Xk(9
g€G

The states are indeed orthonormal, as claimed.

Proof: We have U(g) |xx) =
> xk(h)[h+g) = ZXk =9I,
\/W,LEG h €G

where we've let B = h 4+ g. Using the proper-
ties of the irreps, we can factor out xx(g) leaving
U(9) Ixx) = x4(9) |xx). So indeed these are shift-invariant
states.

To prove orthonormality, use Schur’s Lemma. O

Theorem: The QFT has explicit matrix representation

1
[QFT]kg = ﬁ){k(ﬂ%
sothat QFT |g) = L Xk(9) k).
Gl ie

Proof: By definition, |xx) = QFT~!|k).
off the matrix elements, we see

So reading

[QFT g Xk (9)-

1
~ Vet

Since QF'T is unitary, take conjugate transpose. O

Example 1: For G = (Zy,+) we can check that
Xa(b) = €2™1/M gre indeed irreps for each a.

Example 2: For G = Zj, x
and g» = (b1, ...,b,), then

(g2) = exp (2mi (D04 4 b
Xan (92) = exp ( 2mi | 7 7

are irreps for each g;. In particular, because the exponen-
tial factors, we have that QF T = QF Ty, ® ... @ QF Ty, .

W X Ly, fg1 = (a1,...,ar)
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In fact, Example 2 exhausts all possible Abelian groups
because:

Theorem: Any finite Abelian group is isomorphic to
a direct product of the form Zy;, x ... x Zyy,, where the M;
are prime powers, pi*, ... , pir.

Proof: Not required. [

2.3 The Abelian HSP algorithm

The algorithm for the Abelian HSP is the same as
Shor’s algorithm, but instead using the Fourier transform
on the group G as defined in terms of shift-invariant states.

HSP Algorithm: Consider f : G — X with hidden
subgroup K < G, and f constant and distinct on cosets
of K. Let |G|/|K| = m. Consider states with basis

{lg)» |) }gec wex-

. Make the states — Z lg) |0), and query the oracle
Vv gEG

Uy with it to get

\/EZW 1f(9)

geqG

2. Measure the second register to see some f(go) for
go € G a uniformly random representative of one of
the cosets of K. Then the remaining first register
gives the coset state:

lgo + K Z 90 + k) = U(go) |K) -
| iex

Discard the second register.

3. Apply the group quantum Fourier transform to get:

QFT [go + K) =

leG keK

Recall the term in braces is zero if x; # xo, the trivial
rep. BUT these irreps are summing only over K here,
so it's sufficient that ; restricts to xo, on K for it to be
non-zero. If x; restricts to xo on K, then the sum is
equal to | K| trivially. Thus we have

IS
a2
X1=Xo on K

QFT |go + K) = x(go) |1) -

4. Measure. Since |x;(g0)]? = 1, the measurement is
independent of go. We see a uniformly random [ such
that x;(k) = 1 forall k € K.

|G \/WZM 90 {ZXl(k)} 1)

How do we now extract information about K? We have
the following:

Theorem: For any subgroup K < G (even for G
non-Abelian), K has a set generators ky, ko, ... ,kn, where
m = O(log(|K])) = O(log(|GI)).-

Proof: Not required. [

Theorem: Suppose we repeat the algorithm N times,
so that we have equations x;, (k) = 1, xi,,(k) = 1, ... ,
Xin (k) = 1. Then provided N = O(log(|G|)), the equations
suffice to determine a generating set of K with any good
probability.

Proof: Not required. O

This result shows that the algorithm indeed gives us
a solution to the Abelian HSP.

Example: Let G = Z]\,{l X Z]\/Ig X ... X ZMq- Recall
forl = (l1,...,1;) and g = (b1, ..., b,) we have

B [ 11by lgbg
xi(g) = exp (2m <M1 + o+ M, .

Hence writing k& = (k1, ..., k) the equation x;(k) = 1is

l1by l4bq

— 4+ ..+ —=—==0(mod 1).

A + M, ( )
(Modulo 1 in this context means the LHS is an integer.)
This is a homogeneous linear equation in k£, and we want
the kernel. Provided we have O(log(|K|)) such equa-
tions, we can determine the null space K as the null space.

2.4 Example: generalised Simon’s problem

Definition: The generalised Simon’s problem is defined
as follows. Let Uy be an oracle for f : Z3 — Z% which is
2% to 1, with & linearly independent n-bit strings a, as, ...
, ar € Z% that obey f(z) = f(z @ ;) for all x € Z% (here,
@ is bitwise addition). The problem is to output any b € Z2
having f(z) = f(z @ b) for all z € Z% in polynomial time.

Theorem: Simon’s problem is an Abelian HSP.

Proof: We claim K = (aq,...,ax), the subgroup gen-
erated by the qa; is the hidden subgroup. It's a subgroup by
definition. The problem is Abelian since Z3 is Abelian.

The cosets of K are = @ (a1,as2,...,a;) SO a general
elementis z & al' & ... d a;*, r; = 0, 1. Note that

fladal* @ ...®a)f) = f(x),

so indeed constant on cosets.
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Finally, need f distinct on cosets. Each coset is of
size 2% since the a; are linearly independent. f is given as
2% to 1, and hence f must be distinct on each coset. [

Theorem: The irreps for this group are x.(y) = (—1)*,
where - is the bitwise inner product, and the shift invariant
states are:

IXa) :\/272 1) [y).

’l/EZ"
The Fourier transform on the group is given by:
QFT=H®H®..Q H=H",
— ————

n times

where H is the Hadamard gate.

Proof: From the general theory, the irrep x.(y) is
given by:
+ + ...+

Xa(y) = exp (27” ( 2 2 9

The shift-invariant states then come from the general the-
ory. The Fourier transform is, from the general formula,

\ﬁz D y).

YyELY

T1Y1 T2Y2 ifnyn)) _ (_1)1.1,.

QFT |z) =

Notice that H" |z) is the uniform superposition, except we
pick up a minus sign whenever there’s a one in z; this can
be accounted for by including a factor of (—1)*¥ next to
ly) in the expansion. O

Example: Let's see how the HSP algorithm works in
this case.

1
1. Make the state —— > [y)|0), and apply Uy to get
V2" z€Ly

Qan f(x

TELY

2. Measure the second register and then discard it. We
see some f(x() and the state collapses to the coset

state
S kot
reK
where 2% = | K| (recall from above).

3. Now apply the group’s QFT as derived above. We get
the state:

L1 20y _1)®y
) = \/ﬁ\/??y;@(_l) {g;{( 1) } ly) -

As usual, we now consider the sum in curly braces. We
could use the general theory here, and require the rep to
restrict the trivial rep on K; this is the condition that the
sum is zero unless (—1)*¥ = 1forallz € K, i.e. z-y =
0 (mod 2) forall z € K.

However, it's also possible to show this by elementary
means:

Theorem: Either z -y = 0 (mod 2) for all z € K, or
z -y =0 (mod 2) for exactly half of z € K.

Proof: If x -y = 0 for all x € K, were done. So
suppose z1 -y = 1 and for all 2’ ¢ span{z;}, we have

-y = 0. Then for any zo ¢ span{z;}, we have
O = (11 +x2) -y =x1-y+x2-y = 1. Thisis a contradiction.
Therefore, there exists o ¢ span{z;} such that z; -y = 1.

Now suppose for all z/ ¢ span{zi,z2}, we have
' -y = 0. Then for any z3 /[ span{zi,z2}, we have
0= (zr1+4+z3) y=x1-y+as-y = 1. Again, a contradiction.

Iterate until we have built up span{x;,z,,...,x;} where
x; -y = 1 for all ;. Then this spans all of K since it has
size 2%. Thus for any z € K, we have z = z7' & ... & ],
where r; = 0, 1. Thus:

] 0 even number of r; equal to 1
"L’ . =
4 1 odd number of r; equal to 1.

So half/half split in K as expected. O

Using this fact, we have

PGV

0 if y is not orthogonal to K
|K| ifyis orthogonal to K.

reEK
L y f
Hence |¢) = \/ o Z 0¥ |y) . Back to algorithm...
YyELY
yl K

4. Now measure. We see some y orthogonal to K, uni-
formly random in the orthogonal complement of K.

5. Run the procedure n — k times to see y1, ... , yn—4, all
orthogonal to K. We now need to examine how likely
it is for these strings to span the orthogonal comple-
ment of K (for then we just pick any b not in the span
of the y; to solve Simon’s problem).

To examine the likelihood that these strings span, we use:

Theorem: If we pick m m-bit strings, v1, ... , Ym
uniformly at random from Z%, then they will be linearly
independent, and not include the all-zero string, with
probability at least 1/4.

Proof: Pick the strings one by one. Only restriction
on y; is that it is not zero. So chance of good ¥, is
1—1/2m,

y2 can’t be in the subspace spanned by y;, which
has 2 elements. Thus chance of good ¥, is 1 — 1/2™.
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Continuing in this fashion, we see the probability of select-
ing m good strings is:

Then using the inequality (1 — a)(1 —b) > 1 — (a + b) for
a,b € [0,1] repeatedly, we find:

Now go back to our observed strings y1, y2, - , Yn—k-
Each has n bits, but consider only the first n — k in each
case. The chance that the first n — k bits of all the strings
are all linearly independent is thus > 1/4 by the above.

So span{yi,...,yn—k} is indeed the orthogonal com-
plement of K with likelihood > 1/4, and so we solve
Simon’s problem with probability > 1/4.

By the Probability Lemma, this is sufficient to run the
algorithm in polynomial time if we want to solve it with any
high probability. To spell it out, if we fail to get a solution
of Simon’s problem, just repeat the whole algorithm. The
probability of success on the Cth trial is

3\ 1
1 4

So for this to be > 1 — ¢ for any ¢, we just need
C > 1+ log(4(1 — €))/log(3/4). So we only need a
constant number of repeats, with n — k queries to oracle
at each repeat. Thus algorithm is of order O(n).

2.5 Non-Abelian HSP

Write G multiplicatively now and no longer assume G is
Abelian. The first few steps of the algorithm can be run as
before:

1. Make > " lg) 10), and apply Uy to get:

\/EgEG
\WZIQ ) 1£(9)

geG
2. Measure the second register to see some f(go). Dis-
card it to leave the coset state

|90 \/—kEZKMO

Normally, the algorithm tells us to apply the QFT here. But
problems arise, as it turns out there is no shift-invariant
basis (the U’s don’t commute, so don’t have a common
eigenbasis)! However, we still can construct the QFT...

THE NON-ABELIAN QUANTUM FOURIER TRANSFORM:
Begin by generalising the notion of an irrep (c.f. Symme-
tries, Fields and Particles):

Definition: A d-dimensional representation of a group G
is a group homomorphism x : G — U(d) where U(d) is
the group of d x d unitary matrices.

A representation is called irreducible if no subspace
of C4 is left invariant by all the matrices in the representa-
tion, x(g9), g € G.

That is, a representation is irreducible if you cant
block diagonalise all the matrices in the representation on
some block simultaneously by some basis change.

A complete set of irreps is a set x1, x2, ... , Xm Of
irreps such that any irrep is unitarily equivalent to one of
the x; (here, equivalent means ‘the same up to a change
of basis’, ' = VxV =1,V € U(d)).

Theorem: Let x1, x2, ... , xm b€ a complete set of
irreps of a group G with dimensions dy, da, ... , d,,. Then:
1. d3+d3+...+d2, =|G|;

2. SCHUR’S LEMMA: Let x; jx(g) be the (4, k)th entry of
the matrix x;(g), for j,k =1,...,d;. Then

ZXZ]]C

geG

9)Xir 7w (9) = |G|8iir 855+ S -

Proof: Not required. O

It follows from the above that

‘XL,Jk? WZXz,Jk

geqG

are an orthonormal basis. So there exists a unitary
operation transforming {|x; &)} into {|g)}.

Definition: The quantum Fourier transform is the
unitary operation defined by QFT |xi;x) = |g), and
extended by linearity.

However this does not provide us with the algorithm
we want. The |x; i) are not shift-invariant states. In
particular, a measurement of the coset state |goK) in the
above basis does not give an output distribution that is
independent of gg.

On the other hand, a ‘partial’ shift invariant survives.
Consider the incomplete measurement Mp ONn |goK)
that distinguishes only the irreps (i.e. the i values) and
not all 4,j,k's. That is, the measurement has outcome
i associated to the d2-dimensional orthogonal subspace
spanned by {|x; k) : j, k € 1...d; }.
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Then since x;i(g192) = xi(g1)xi(92), we can disentangle
xi(g0) on measurement, giving us an outcome distribution
which is independent of gg.

This gives direct, but incomplete, information about
K. For example, it's possible to show that conjugate
subgroups such as K and L = ¢'Kg' ™', give the same
output distribution.

We also need (for an efficient HSP algorithm) the
QFT to run in O(poly(log(|G]))) time. This is true for
any Abelian G, and some non-Abelian groups, but not
all. Even for the ones non-Abelian ones where we do
know how to implement the QFT efficiently, there’s still no
efficient HSP algorithm!

Int the Abelian case, QFT implementation is achieved
using the fast Fourier transform. This technique is also
applicable to non-Abelian permutation groups.

KNOWN RESULTS:
Some partial results on the non-Abelian HSP are:

Theorem (Hallgren and Russell): If G has an effi-
cient QFT, and K is given to be a normal subgroup of G,
then there is an efficient HSP quantum algorithm.

Theorem (Ettinger, Hoyer and Knill): For a general
non-Abelian HSP, M = O(poly(log(|G|))) random coset
states {|¢1K) , ..., |gm K)} suffice to determine K.

The problem with the Ettinger, Hoyer and Knill Theo-
rem is that it is not known how to efficiently determine K
from those cosets!

2.6 Non-Abelian example: graph problems

Definition: A graph is a set of edges and vertices,
A = {vertices V,edges E}. We assume our graphs are
undirected and there is at most one edge between any
two vertices. Label the vertices by [n] = {1,2,...,n}.

Notation: The permutation group on the vertices is
written P,,.

Definition: The automorphism group of a graph A,
denoted Aut(A) is a subgroup of P,, containing the permu-
tation = € P, such that i — j is an edge in A iff (i) — 7 (j)
is an edge in A.

That is, if the labelled graph =(A4) (i.e. replace label
iin A by 7 (i)) is the same as the labelled graph A.

Definition: The graph automorphism HSP is defined as
follows. Let G = P, and let X be the set of all labelled
graphs on n vertices. Define

fa(m) =7w(A).

The problem is to determine the hidden subgroup
K = Aut(A).

Indeed, this is a HSP, since K is obviously a sub-
group of P,, and a general coset element is of the form
pm € pAut(A) so that

fa(pm) = pr(A) = p(A).

So constant on cosets.

This (non-Abelian) HSP has applications to the graph
isomorphism problem.

Definition: Two labelled graphs A and B (with n
vertices) are isomorphic if there exists = € P,, such that
m(A) = B. Thatis, i — j is an edge in A iff 7(i) — nw(j) is
an edge in B.

Definition: The graph isomorphism problem is to
determine whether two graphs A and B are isomorphic.

Theorem: We can reduce the graph isomorphism
problem to the graph automorphism HSP.

Proof: Let C be the graph on 2n vertices which is
the disjoint union of A and B. Label the vertices using
[2n] = {1,..,2n}, where Ly, = {1,2,...,n} label A and
Lg={n+1,..,2n} label B.

Consider Aut(C) < Py,. We have © € Aut(C) if i — j is
an edge in C iff w(i) — w(j) is an edge in C. By induction,
this is the same as the condition: ¢ — k; — ... — k; — j
isapathin Ciff n(¢)—7(ky)—...—7(k;))—=(j) isapathin C.

Recall C is disjoint. So if i,5 € L and =w(i) € La,
m(j) € Lg, then there is a path from i to j in C, but no path
from 7 (i) to w(y) in C. So 7 ¢ Aut(C). Thus if 7 € Aut(C),
it must either swap L4 and Lp fully, or permute L4 and
Lp separately into themselves.

Let H = {w € Aut(C) : m permutes L4, L separately}.
Then if A and B are not isomorphic, Aut(C) = H, clearly.
If A and B are isomorphic, there exists p such that
swaps L4 and L fully. We claim Aut(C) = H U uH.

To prove this simply note that if 7 € Aut(C), it is ei-
ther in H, or swaps L4 and Lg fully. In the latter case,
p~lr € H, since p~! swaps everything back again!
Therefore, 7 € pH. Thus Aut(C) = H U uH, as required.
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So if the graphs are isomorphic, |H| = [pH| = $|Aut(C)|,
and if not, |[H| = |Aut(C)|. Supposing we have a HSP
algorithm for the graph automorphism problem, we can
apply this to Aut(C) to determine a, say, random sample
from it. Trialling elements from the random sample we
can determine which regime we are in, solving graph
isomorphism. O

We now present a couple of ideas for graph isomor-
phism/automorphism algorithms that don’t work (but are
hopefully give insight as to why).

Example (The swap test): The swap test is defined
as follows. Given states |a),|3) € Hg, adjoint an extra
qubit to start with |0) |«) |8) € Ho @ Hyq @ Ha.

Now apply the followings actions: (i) apply H to the
qubit; (ii) apply the controlled SWAP gate, controlled
by the qubit (note SWAP |0) |a>|6> = 10)|a)|B) and
SWAP |1) |a) |B8) = [1)]8) |a)); (iii) apply H to the qub|t
again; (iv) measure the qubit. If we see 0 output ‘near’ and
if we see 1, output ‘far’.

What's the point of this test? It's easy to show that
the probability of 0 is

1+ [ (alB) 2
2 b
so the result depends on the angle between |«a) and |5). If
there are the same, we’re guaranteed to get 0 (i.e. ‘near’),

and if they are orthogonal, we get 1 with probability 1/2
(likely to say ‘far apart’).

This has applications to the graph isomorphism problem
as follows. Letting fa(7) = w(A), we can, as usual, build

the state
€a) = D |m) |m(A))

TEPn

Suppose we can ‘forget’ the contents of the first register
(this is impossible in practice, due to the superposition).
Then we'd be left with:

[na) =Y Im(A)

TE€EPn,

Build the same state |np) for another graph B which we
want to compare to A for isomorphism.

If A is isomorphic to B, then it’s clear that |n4) = |ng). If
A is not isomorphic to B, we’d have

> (m(B)|e(A)) =0,
TEPy
c€Pn

(nBlna) =

since w(B) # o(A) for any «, o, else A and B would be
isomorphic via 7o (A) = B.

Thus we can apply the swap test to |ng) and |n4) to tell if
the graphs are isomorphic or non-isomorphic. Repeat a
constant number of times to reach any level of accuracy.

Example (Partial balanced vs constant): Let B,
be the set of all n-bit strings and let S C B, with |S|
even. Suppose we have an oracle f : B, — B; such
that f restricted to S is either balanced (half values 0, half
1) or constant (all 0 or all 1). We are given the uniform
superposition state on S:

la) = |)

vepod
and a quantum oracle Uy for f. The partial balanced vs
constant problem is to determine whether f restricted to S
is balanced or constant.

In the case S = B,, this is solved by the Deutsch-
Jozsa algorithm. We add the ancilla |1) to |«) to get
[1) |«). We apply the Hadamard gate H to |1) and pass
the result to U;. We observed the answer is of the form
|€) |-), and discard the second register at this point. We
notice that the possible |£) for constant or balanced are
orthogonal, so rotating back to the standard basis using
H"™, they remain orthogonal. We measure: if we see
000...0, the function was constant, and if we see anything
else it was balanced.

The case when S C B, can help us solve graph
isomorphism. Define ¢ € P, to be the permutation
swapping L 4 and L in their listed order, and consider the
group G = P,, x P, Uc(P, x P,). Note that for the graph
C = AU B above, we have Aut(C) < G.

Suppose we are given the function fo(w) = =(C),
as usual, and a quantum oracle for f-. Begin by making

== _Im
|7)2n 7%2?

Applying Uy, measuring, and discarding the second reg-
ister, we're left with a random coset state:

[PAU(C)) =

AT > Ipﬂ
|AUt ﬂ‘EAUt

We can write out pr in terms of bit strings to get a partial
balanced versus constant problem setup. Then an algo-
rithm for solving partial balanced versus constant would
solve graph isomorphism, since we’d be able to use the
function f : G — By, defined by f(n) =0if 7 € P, x P,
and f(n) =1ifm € o(Pp, X Pp).

From our above work, we know that Aut(C) is 50/50
in P,, x P, and o(P,, x P,,) when A is isomorphic to B (i.e.
f is balanced), and Aut(C) is entirely in P,, x P, when A
is no isomorphic to B (i.e. f is constant).
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3 Phase estimation

3.1 Problem statement and setup

Definition: Suppose we are given a unitary operator U
and an eigenstate |v,) with U |vg) = > |v,). WLOG we
may assume 0 < ¢ < 1. The phase estimation problem is
to determine the first n (for any n) binary digits of ¢:

To setup, we first need controlled U* gates:

Definition: The controlled U* gate is the unitary gate de-
fined by c-U"[0) [€) = |0)[€) and c-U* [1)[€) = [1) U*[€).
Note that c-(U*) (the controlled U* gate) is the same as
(c-U)* (controlled U, but k times).

There are immediately questions about implementa-
tion of such gates. If U is given as a formula or circuit
description, it’s easy to get ¢ — U since we can just control
each gate in the circuit separately.

If U is given as a blackbox, we need more informa-
tion. It suffices to have an eigenstate |a) of U with known
eigenvalue e¢'*: U |a) = €' |a). Then the circuit:

Ja) (X f—e—{X]
ol

) —U}

effects |a) |€) |a) — (¢-U) |a) |€) . This is easy to check by
eye, just running through |a) = |0),|1) separately. The
e~ box just multiplies the whole state by e~*. The two
crosses are controlled SWAPs between the lower qubits.

For our purposes, we’'ll want a ‘generalised controlled
U, with (¢-U®) |x) |§) = |x) U* |€) for x € Zan. Note this
generalised controlled U is actually different because it
doesn’t just act on a single qubit, but on n qubits. This can
be implemented using the single-qubit controlled U gates
via the circuit:

|$n—1> P —

|Zp—2)

|z1) -

|zo) ——

Here, we have written |x) = |x,—1) [Zn—2) ... |xo) in its full
binary expansion, where

2=2""on 1+ 2" 2000+ ... + 221 + 20.

Again, it's easy to just check that this circuit does what it’s
supposed to. Note in particular that if [§) = |ve), then the
output is €279 |z} v,).

3.2 The phase estimation algorithm

Algorithm (Phase estimation): We are given |v,) and the
relevant controlled U gates.

1. Start with |00...0) |vg). Make the uniform superposition
. . 1
from the first n. qubits: NG > ) fvg) -

zEB,
1 .
2. Apply U” to get T D €T ) fug)

zeB,

3. Apply the inverse quantum Fourier transform to the
first n qubits. Measure the first n qubits to see some
Yoy1.--Yn—1. 1hen output the answer:

Yo , Y1 Yn—1

0-y1y2~-~yn—1 = 5 + Z =+ ...+ 271—1 .

As a circuit diagram, the procedure is:

QFT!

o -

[vg)

followed by a measurement of the first n qubits. The top n
qubits are often referred to as lines in phase estimation.

Our immediate question should be: does it work? This
is hard to answer when ¢ isn’t exact to n binary places.
However, in the case that ¢ = 0.2¢21...2,,—1 = z/2", where
z = 2921...2n—1, Defore we take the Fourier transform, we
have the state in the first n registers:

1
/on

Hence applying the inverse QFT gives |z), and hence mea-
surement gives z exactly! So it works in the exact case.

ZGQWia:z/T” ‘$> = QFT ‘Z>

10
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In other cases, the answer 0.yoy;...y,—1 is just an approxi-
mation; we’ll have to decide how good it is.

REMARK: In many algorithms, it is useful to use ev-
erything in the phase estimation algorithm except for
the final measurement. This gives a unitary operation
|000...0) |vg) — |20) ... |2n—1) |vg) in the exact case, where
the first n registers contain the information about the
eigenvalue. This operation is sometimes written Upg.

3.3 Can we even do this?

Quantum gates are defined up to a phase, thus it seems
like it's impossible to determine ¢. We can just redefine
the gate U with U = ¢“U, and we wouldn’t be able to
notice anything different physically. So phase estimation
seems fruitless.

However, phase estimation doesn’t actually use the
gates U and U, but their controlled analogues. The gate
e'®c-U has a gap in the output phase between U being on
and off, given by e>**¢. Hence we can detect this phase
difference.

3.4 The phase estimation theorem

It's now time to analyse how good approximate phase
estimation is. This is enshrined in the Theorem:

Theorem (Phase estimation): If the measurements
in the phase estimation algorithm give an answer
0 = 0~Z/0y1-~-yn—1, then

(i) Prob(@ is the closest n-binary digit approximation to ¢)

4

w2’

This is the probability that all of our n lines are ‘good’,
i.e. they are all significant.

1 . .
(i) Prob(|0—¢| >¢€) < CTESIE This means that if we want
n €

¢ accurate to m digits (i.e. ¢ = 1/2™) with probability
1—n<1,then:

1 2m
Pron (10— 1 o1 ) > e
so it's sufficient to ask 2™ /2" +! < 7, i.e.
1
n > m + log <77> +1=0(m).
So to get exponentially higher accuracy (i.e. more dig-
its), need only polynomially more lines! That is, each

line added to the algorithm makes it more likely to be
accurate to another digit.

Proof: Final state in the algorithm before measurement is

1 il /2"
o (Z e2mi(P—y/2 )x> ly) .
yEB,

zeB,

Write §(y) = ¢ — y/2™ (the amount we differ from the true
answer with our guess). Then the probability of seeing
Y = Yoy1..-Yn_1 ON Measurement is

2

om_1
1 ,
PrOb(y = yoyl---yn—l) = 2% E e27‘{'l($(y)z
z=0

Summing the geometric progression inside the modulus,
we have

1|1 = e2"2mid(y) |2
PrOb(y = yoyl"'yn—l) = ﬁ m

(i) Let y = a = apay...a,,—1 be the closest n-bit approxima-
tion to 2"¢. Then |¢p — a/2"| < 1/27+! (easiest to see by
drawing a diagram comparing a/2™ and (a — 1) /2™ relative
to ¢). Hence |6(a)| < 1/27F1.

We bound the probability using the following:

(@) |1 — €| = |2isin(2)| > 2|al if |a] < 7. The proof of
this bound is to look at the picture:

where the dashed line is y = a/7 and the blue line is
y = sin(a/2).

(b) |1 —e2m8| < 27B. The proof of this bound is to look at
the picture:

Im(z)

62771[5

The length of the arc is 27 3. The length of the chord
is |27 — 1/, and the inequality follows.

11
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Applying these inequalities to lower bound our probability,
using (a) on the numerator and (b) on the denominator, we

see that
4

Prob(y = yoy1...yn—1) > 5

as required.

(i) Now try to upper bound our probability. Use [1—ei| < 2
on the denominator, and use (a) again on the numerator
to deduce

1
PI’Ob(y = y0y1-~-yn—1) < QRTW

To get the inequality in (i), we must sum this for all
[0(y)] > e. We know that the §(y) values are spaced by
1/2™; let §; be the first 6(y) with 5(y) > ¢, and let §_ be
the first §(y) with §(y) < —e.

Certainly |04|,|0—] > e
write

If 6(y)] > € we can then

ordé(y) =9d_ — L

k

2n

k.
Hence: |6(y)| > e+ o i both cases. Hence:

oo 2
Prob (|4 (y)| > ¢) <2 ZQW (6+ )
271,

L [k _ 1
) 2”e+k‘ k2 ontle’
0 PALYS

Note by going to oo, we weakened the bound, but made it
easier to calculate! O

3.5 Time complexity of phase estimation

If -U2" is implemented as (c—U)zk, then the phase estima-
tion algorithm needs exponential time, since its uses

1424 .. 427 1=9"_1

c-U gates. However, for some special U’s, c-U?" can be
implemented in polynomial time, O(poly(k)). This mirrors
the calculation of 22" via repeated squaring, rather than
x-x- ..z, but only works for some unitary U.

3.6 Applications of phase estimation

Example 1 (Implementing 1/th roots): Let U'/M be the
principal Mth root of the unitary gate U, defined to have
the same eigenstates as U and corresponding eigenvalues
e2™i/M where U has eigenvalues e2™**. Suppose ¢ =
y/2" forsome 0 <y < 2",y € Z.

Suppose also that we can implement the phase gate
P(a) = diag{(1,e**} for any «, and any controlled c-U
gate we wish, and its inverse c-U—!. Then it's possible to
implement U/M |¢).

To do so, let

&= Bslvs),
%

where [vg) are the eigenvectors of U, with Ufvy) =
e?™% |v,). Adjoint |00...0) to the state, and apply the unitary
phase estimation operation to this state to get:

Upe [€) = Zﬂcﬁ 127¢) vg) -
¢

Apply the sequence of phase gates now. Apply P(27/2M)
to the first qubit, P(2w/4M) to the second, ... , P(2w /2" M)
to the last. If 2"¢ = i;...i,, in binary, we have

27T¢> _ 277T n 2m g 2m

M~ o T "o
Hence the overall phase created is ¢2™*¢/M  next to |2"¢).
Thus we're left with the state

Z Boe? /M 276) [ug)

Apply Use to get rid of the [27¢) state, and turn it into a
|00...0). It’'s then safe to discard it, and we’re left with

D Bee®™ M Jug),
%

which is the desired outcome.

Example 2 (Implementing non-unitary gates): Let
A be an n-qubit Hermitian operator with distinct eigenval-
ues \; = ¢; /2", for ¢; an integer in 0 < ¢; < 2". Suppose
that for the unitary operations Uy = e*?™4 we can
implement ¢-U. . Let |b) be given to us (but unknown) and
suppose we want the normalised state A|b) with some
non-zero probability.

Suppose also that we can perform controlled rotations of
the form

[€)10) = |e) (cos(6e) 0) + sin(6e) 1)),
where sin(6.) = ¢/2™ and 0 < ¢ < 2™ is an integer. Then
we can achieve our goal as follows.

Write |b) Zﬁj lu;), where |u;) are the eigenvec-

J
tors of A with eigenvalues ;.
|00...0) |b), we obtain the state:

Zﬂj lej) |ug) -

Squeeze an ancilla qubit |0) into the middle of these, and
apply the controlled rotation to the first two registers to get:

Then applying Upe to

12
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Zﬂj lej) [0) Juj) —

Zﬁj cos(fc; ) [e;) 0) [u;) + By sin(be, ) [¢;) [1) fuj)

=281 = X 1) [0) [ug) + B3 leg) 1) fug)

Now measure the middle register. This is called post-
selection and we’ll see examples of it later in the course.
If we see 1, everything’s fine, just apply U,;E1 and we're

done. If we see a 0, just start all over again.

Let \; be the eigenvalue with the smallest square.
The probability we’ll see a 1 is then

1D 852 les) luy) = STIBIPINE = MY 1817 = AT,
i i i

So we’ll succeed with a probability exceeding that of the
square of the smallest eigenvalue.

Example 3 (Implementing the QFT): Suppose we
want to implement QFTy, for 2™~ < Q < 2™. We use the
following method, called Kitaev's method. Let

1
la) = QFTq |a) = 70 > W),
b=0

where w = €27/Q.  Then it suffices to implement
|a) — |n.), and we’re done by linearity.

We’ll achieved this in two chunks, by considering a
mapping on Hg ® Hq:

) 1a) -

la) |0) = la)[na) = 10
Step 1 Step 2

STEP 1: Start with |00...0), and make the uniform super-
position
1 2mM—1
— x).
~ Z:% )
Consider the classically-computable function

O )

o) =

Since it is classically efficient to compute this, we can effi-
ciently implement U;. Pass |¢y) |0) to Uy to get

=
ﬁ IZ:O |z) [f(z)) -

Measure the second register. The chance of seeing 0
is greater than 1/2, since @ is more than halfway along
2m=1 < @ < 2™, If we falil, just try again. We get K fails

with exponentially small probability 1/2%.

When we get 0, the state reduces to

1=
&) = 70 > 1.

b=0

We now add |a) in to get |a)|¢). To get to |a)|n.)
from here, we want a unitary operation V that effects
Va) [b) = w® |a) [b), which gives V' |a) [€) = |a) [11a)-

To implement V, we again do things in chunks.
Consider the operation U |b) = w’|b). Noticing that
wb = wbm-12"71 b2’ when b is written in binary, we see
that

U=Pw" ) ®..0 Pw?),

where P(«) are the phase gates from before. So U is ef-
ficiently implementable. We can obtain ¢-U because we
have an explicit circuit for U, and as in phase estimation,
we can build ¢-U*?, a generalised controlled U gate. This
effects:

c-U%(|a) (b)) = |a) U* |b) = w|a) [b) -
So V is implementable, and we're done. We can do Step 1.

STEP 2: Let U be some unitary operation with eigenvalues
w® = e?>7/Q and eigenstates |7, ). Then phase estimation
of U with Upg gives

Upe [0) [11a) = la) [1a) -

(We're playing fast and loose here, and assuming phase
estimation is exact. The non-exactness can be accounted
for in practice.) Then Up¢ would achieve Step 2!

We just need U. Use U defined by Ulx) =
|x — 1 (mod Q)); we can check that U|n,) = w®|n.)
because these are really shift invariant states. Note also
U is clearly implementably in polynomial time.

The non-exactness in phase estimation above actu-
ally results in an operation:

Upe |0) [na) = (V1 = €la) + vVelat)) |na)

where we are using O(log(1/e¢)) lines in phase estimation,
for any small e. Then the difference between the actual
state and the non-exact one is:

1Upg la) [na) = 10) 1a) | = O(Ve).

Thus we can still approximate QFT to any desired preci-
sion.

13
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4 Amplitude amplification

4.1 Reflection operators

Notation: Write L., = span{|a)}, and L for the orthogo-
nal complement of span{|a)}.

Definition: The reflection operator in L. is defined
by I\a) =1-2 |a> <a|

Theorem: We have
() Ijay la) = —|e) and Iy |B) = |B) for |B) € L;
(ii) for unitary U, ULiyUT = Iy |-

Proof: (i) Obvious from («|S8) = 0. (i) Trivial. O

Definition: Let A be spanned by the orthonormal
basis {|a1),...,|ar)}. Define the projection operator onto
A by
k
PA = Z |a1> <CL1| .

=1
Definition: Define the reflection operator in AL (the
orthogonal complement of A)to be 74 =1 —2P4.

Theorem: If |a) € A, then I 4 |a) = —|a). If |b) € AL, then
Ia|b) = [b).

Proof: Obvious from (a|b) = 0. O

4.2 Review of Grover’s algorithm

Definition: Let B,, be the set of n-bit strings. We are
given a function f : B, — Bj; such that f(xzg) = 1 for a
unique ‘good’ zy € B, and f(x) = 0 otherwise. We are
also given the quantum implementation of f, U;. Grover’s
problem is to determine xy with high probability.

The solution of Grover’s problem is given by Grover’s
algorithm. The setup is as follows.

STEP 1: First, we need to implement [,,,. We can
get I, |x) for any basis state |x) by querying the oracle
once with |z) |—). This gives:

/() = |1€Bf(w)>>
75 :

So if |z) = |zo), we have f(x) = 1, and the RHS is
—|x)|-). Discard the second qubit. If |z) # |zo), we
have f(z) = 0, and the RHS is |z) |-). Again, discard the
second qubit.

s ko) -1 = 1o

This can be extended to all states by linearity.

STEP 2: We must define the Grover iteration operator and
determine how it acts.

Definition: The Grover iteration operator is defined
by

Q= —H"LioyH" Iz = —Ijyo) L jzy),
where H* = H ® ... ® H and |¢g) = H™ |0) is the uniform
superposition.

Each step of the Grover iteration operator is imple-
mentable (indeed, Iy can be implemented using the
classically efficient function f : B,, — B; given by f(0) =1
and f(z) = 0 otherwise).

Notice also that each application of @ uses one query to
U;. So we need to count the number of times we used Q
at the end of any algorithm.

Grover’s Theorem: In the 2-dimensional span of
[o) and |zg), the action of @ is a rotation by angle 2q,

where
1

rh
Proof: Easiest to act on an orthonormal basis in this span
and determine the matrix of the operator. It will be of
rotation form. O

sin(a) =

Grover’s Algorithm: To find z( given Uy:
1. Make |¢g), the uniform superposition.

2. Apply @ m time to |v), where
arccos(1/v/N)
m=————————.
2 arcsin(l/\/ﬁ)
3. Measure to see z( with high probability.
The proof this works is by picture:

|Z0)

| |%0)

Notice that the angle in the figure obeys cos(5) =
(zoltho) = 1/V/N (in particular, both |xo) and |1) are nor-
malised). Since we start at |¢0), and @ acts as an anti-
clockwise rotation by 2a, we need

o B _ arccos(1/VN)
2a 2arcsin(1/v/N)

iterations of @ to get as close to |z¢) as possible. The
measurement gives x, with high probability, since if we are
at state |¢), within +« of |x), the amplitude for seeing
is (1|20) ~ cos(a). So probability is cos?(a) = 1—sin?(a) =
1— % which is nearly 1 for large N.
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We can also work out the time complexity of the algorithm
by considering the large N limit.

Theorem: Grover’s algorithm has complexity O(v/N).

Proof: For large N, arccos(1/v/N) =~ 7/2 (using cos(f) ~ 1
for small ), and arcsin(1/v/'N) ~ 1/+/N (using sin(f) ~ 6
for small #). Therefore in the large N limit,

_ mVN

So we use Uy O(V/N) times. O

In particular, the naive classical approach of check-
ing everything takes O(N) time, so we get a square-root
speed-up quantumly. In fact, it’s possible to show:

Theorem: Grover’s algorithm is optimal for unique
element search.

Proof: Not required. [

4.3 Amplitude amplification

Notation: Let GG be a ‘good’ subspace of a state space ‘H
and let G+ be its orthogonal complement, which we call
the ‘bad’ subspace, so that H = G & G*.

Theorem: For any state |¢) € H, we can write
|4) = sin(0) |g) + cos(@) |b), where |g) € G, |b) € G+.

Proof: We must be able to write [¢) = clg) + d]|b)
for complex ¢ and d satisfying |c]*> + [d? = 1.
Let ¢ = ¢ and b = e for ¢/,' € G. Then
) = € |g) + e [b) = (e lg) + O [B)).

Note that the overall phase can be removed giving
the same quantum state. Note that '~ |b) € G*, so
can just redefine |b) to get real coefficients, giving result. O

In our algorithm, we’ll use the reflection opera-
tor Ij,y = I — 2|¢) (x| and the projection operator
Ic = I — 2P, as defined above. In particular, notice that

sin(f) = [|Pa [¥) ||.
Definition: Define the generalised Grover operator by
Q= —Iiy)lc-

Amplitude Amplification Theorem: In the 2-dimensional
subspace spanned by |¢g) and |¢) (or equivalently by the or-
thonormal vectors |g) and |b)), @ is a rotation by 26, where
sin(d) = || P |¢) || = length of good projection of |¢).

Proof: Note that Ig|g) = —lg) and Ig|b) = —1b).
Therefore

Qlg) =TIy lg), QIb) = =1y |b).

Now compute action of I,y = I — 2|¢) (¢|. Writing its
definition out in full, we have

gy = I —2sin®(0) |g) (g] — 2sin(0) cos(0) |g) (b|
—25sin(f) cos() |b) (g| — 2 cos?(0) |b) (b] .
Therefore Q |g) = (1 — 2sin?(6)) |g) — 2sin(0) cos(6) |b) =

0
cos(20) |g) — sin(20) |b) and Q|b) = 2sin(f)cos(f) |g) —
2(1 — 2cos?(0)) |b) = sin(20) |g) + cos(26) |b).

. (cos(20) —sin(20)
Hence @ has matrix (sm(29) cos(26)

sis {|g), |0)}. O

) in the ba-

From the above Theorem, it follows immediately that
n applications of @ to |¢) give:

Q" |v) = sin((2n + 1)0) |g) + cos((2n + 1)0) |b) .

If we measure Q™ |¢) for good versus bad, then the proba-
bility we see a good value is Prob(see good) = sin?((2n +
1)#). This is maximised when (2n + 1)0 = 7/2, i.e.

™ 1 (n/2-90)

40 2 20
This result is also clear from the diagram:

l9)
)

1b)

Example: If ¢ = x/6 to start with, then n = 1, ex-
actly and the probability is 1. So one iteration of @ is
sufficient to guarantee seeing a good value with certainty
on measurement.

In general, n is not an integer, so we must use the
nearest integer. For 6 small, this is: n =

T 1 ™ 1 :
53]~ [ =0(5) = (rsssmopetorsrmn)

Furthermore, Q™ |¢)) will be within angle +6 of |g), so it
follows that Prob(see good) > cos?(0) ~ 1 — O(6?), as for
Grover’s algorithm. So if 6 is small, seeing good has a
very high chance.

REMARKS: 1. Note the relative amplitudes of good
labels in |g) stay the same as they were in |¢) throughout.

2. The measurement is generally probabilistic, but if
sin(6) is known, then it can be made exact. See later.
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4.4 Implementation of ampl. ampl.

To implement ampl. ampl., we need to be able to imple-
ment —Q = IW)>I(;.

Theorem: I can be implemented in poly(n) time.

Proof: The classical indicator function

flx) = {j

Is clearly implementable in polynomial time. Therefore the
associated quantum gate, U, can be implemented in poly-
nomial time. To implement I on |z), adjoint an ancilla |—)
and note that
[2)|0® f(x)) — |2) [1 & f(x))
U —) = =
rlzyl=) 7

Discard the |—), and we’ve implemented I. O

is good,
is bad,

In most quantum algorithms, we start with ) = |v0),
the uniform superposition, e.g. as in Grover’s algorithm.
So we’'ll just show that Ijyy, can be implemented efficiently.

Theorem: 1, where [¢y) is the uniform superpo-
sition, can be implemented in O(n) time.

Proof: Define the 3-qubit Toffoli gate by
|a)y [b)y X [e)
la) [b), )5

It's easy to see that T%3 is the quantum oracle U, for the
function g(a, b) = ab (just observe they agree on a basis).

fa=0=1,
otherwise.

Tr3|a), [b), |c)3 = {

We now observe that 2n — 2 Toffoli gates and one
CX gate can be used to implement the transformation

[e1)1 -+ [n )y [0)y, - [O)y, -, 1)y =
ke
ler)y e len), 0)y, - 10)y, [y @ crcancn),
The procedure we use is as follows:
1. Apply T2, to get
le1)y le2)y - [en)y [erca)y, 10) 0y 100y, [9)e -
2. Next apply T5u,w, t0 get

[c1)y - len), le1e2), fe1acs)y, [0)y, - 10),, | 1u); -

3. Continue in this fashion, applying Tyw,wss then Tsuwgw,
upto Thw, ,w,_,- Then the final state is:

|Cl>1 |C”>n |0162>w1 |6102...Cn>wn71 |y>t .

4. Apply CX to the final two qubits to get |y @ ¢;...c,,), as
the target qubit. We can then erase the work space by
applying Ty, ,w,_, again, down to Tig,,, i.e. apply
all the Toffoli gates in reverse order.

(1)@ [2) |-

Indeed, this procedure takes 2n — 2 Toffolis and one C'X.
We now build a circuit for 1;,,,. First, note that

Loy = Ty = H™ 1)y  H",

so it’s sufficient to implement 1,,,,. We claim that the fol-
lowing circuit works:

2y —{x"H Hx"]

0) T
=) L

where T is the Toffoli gate construction implementing
le) 0),, [v); = |e)[0),, |y @ ci...cn),, @s above. To see that
this works, note that for any |z) # |00..0), X" |z) contains
at least one zero qubit, so T" does nothing to |—) on the
final line. Hence we just get back |z).

For |z) = 00..0), X™|z) entirely comprises |[1)
qubits, so |-) — —|=) under the transformation.
Thus |00...0) — — |00...0) and we’re done.

The number of gates used in 2n +2n +2n — 2+ 1 = O(n)
(2n Hadamards, 2n NOTs, 2n — 2 Toffolis and 1 C'X). O

4.5 Applications of ampl. ampl.

Example 1 (Grover with more than one good item):
Suppose there are k good items in our Grover search.
Then:

1
o) = —= Y |x)
N zeB,
k 1 N —k 1
CJE(L s )y ( 1y |x>).
\,]y/ (\/E good z’s H,]V_/ N-k bad z’s
sin(6) cos(0)
lg) 16}
In the context of ampl. ampl. then, we have
. k
sin(0) = 4/ N’
and that @ is a rotation through 260, where

sin(d) = /k/N = 0 ~ \/k/N for k < N.

So just apply the iteration operator @, but this time
do it
T N
"Ta TV E
times. Hence query complexity is O(\/N/k). Note this
example reduces to Grover’s algorithm when k = 1.
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Example 2 (Grover with unknown numbers): Consider
Grover search with function f : B, — Bi, with & good
x’s, but & unknown. We then cannot apply standard
Grover since the number of nudges needed (calculated in
Example 1) depends on k. However, it’s still possible to
find a good = with good probability, as follows.

First, we prove the following geometric claim:

Lemma: Let the unit circle be populated with equally
spaced points at angle v apart from each other. Let [ be
any line through the centre. Then a fraction of at least

1 2y

2 T
of the points are within 45° of I.

Proof: Best to draw a diagram. Within 45° of the
line there are two sectors, each of angle =/2. There’s a
possibility these don’t align with the v angles, so the two ~
regions at the sides of each sector might have their points
missed out. Thus the number of points included in these

regions is at least:
2. (7r - 2) .
2y

There are a total of 27/~ points in the circle, so there’s at
least a fraction of

(Ll 2
T\ 2y 2 7
of the points covered, as required. O

Now start with the uniform superposition |¢g) =
sin(#) |g) + cos(8) |b), where

sin(0) = 4/ %, unknown.

The Grover operator nudges things round by an angle 26 =
24/k/N at a time. In light of the Lemma, consider this to

be our v = 24/k/N. Then there are a total of

EREN R

points at which our nudged state stops at round the circle.
Choose to apply @ a total of K times then, with 0 < K <
7v/N chosen uniformly randomly. The chance we are in
45° of the good subspace is, by the Lemma,

2T 27 W\/N \/N

2 7 2 ZVNT %

for N > k. Clearly, if we are within 45° of the good sub-
space, then our probability of seeing a good element is at
least 1/2. Thus

Prob (see good element) >

N
N
i~

Repeating a constant number of times thus gives success
with any desired probability by the standard Probability
Lemma. So the total number of queries to f is a constant
times O(v/N), which is just O(v/N).

Example 3 (Square root speed-ups): Let A be a
quantum algorithm (i.e. a sequence of unitary gates) with
input state |00...0). The final state is A |00...0).

Consider the ‘good states’ the be the desired com-
putational outcomes, and write A|00...0) = «la) + 5 |b),
where o = sin(#), and |a) is the normalised ‘good’ part of
the outcome (in general this is an unequal superposition
of good ). The probability of success of the algorithm is
then |a|?, so we must repeat it O(1/|a|?) times to see a
good thing with any constant level of probability.

Instead, use ampl. ampl. Assuming we can check
whether the answer is good or bad, we can implement

I |2) = —|z) =« is good,
“ 7wy wis bad.

Starting with state |[¢)) = A|00...0), the Grover operator
is Q = —IA|()0__'0>IG = —(AI‘O()W(»AT)Ig. Notice all parts
are implementable: A is just the algorithm, I5o. oy is
implementable from above, and A' is just the algorithm in
reverse.

By the ampl. ampl. Theorem, @ is a rotation through 26
such that sin(f) = |«|. Thus after

=5 -0(3) -0 atn) -0 (1)

repetitions, A00...0) will be rotated very near |g), and the
final measurement will succeed with high probability.

Each application of Q needs one A and one Af, and
notice that A and AT clearly have the same time complex-
ity. Thus O(1/|«a|) repetitions of @ gives a square root
speed-up over the direct method, which needs O(1/|a|?)
repeats.

Later, we'll see how ampl. ampl. can be made ex-
act. Then the above has made a probabilistic algorithm
into a deterministic one (a derandomisation process)!
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Example 4 (Quantum counting): Suppose we have a
function f : B,, — B; with k ‘good’ «’s. Let k be unknown.
Then the task of quantum counting is to determine k,
rather than to find some good z as we have previously
done.

Recall that the matrix of Q) is the {|b), |g)} basis is

(o) ey,

Its evectors are |ey) = %(|b> + 7|g)) with corresponding

evalues A+ = e*?". By a short calculation, the uniform
superposition can be written in terms of these evectors as:

o) = % (¢]es) + e e ).

Write et2% = ¢2mi¢= where 0 < ¢+ < 1. Thinking about it,

we must have
b2 _0_1 [k
YT or VN

—260 42 0 1 /k

9~ 27 T TV N

Now run phase estimation on U = @ with the eigenstate
register set to |10). This will output an approximation to
¢+ or ¢_ with equal probability 1/2. For small 0, it's easy
to tell which is which, as it will either be closed to 0 or 1.

Thus phase estimation gives, for m qubit lines, an m
bit approximation to \/k/N. Phase estimation uses 2™
controlled @ gates, so needs 2" queries. Thus by the
Phase Estimation Theorem we learn /k/N to within an
additive error O(1/2™, with constant probability greater
than 4/72 using O(2™) queries to Uy.

Write 1/2™ = §/v/N so that § is the additive error in
VEk. Then the error in k is O(5vE) (from A(z?) = 2zAx)
using O(v/N /) queries. It can be shown that this is the
square of the number of operations needed to achieve the
same error in the classical regime.

Example 5 (The unique collision problem): Let
f : B, — By, be a one-to-one function on all inputs, except
for a single pair =1, zo with f(z1) = f(z2). Thatis f
has a unique collision. The unique collision problem is to
determine both z; and z,. Let @ be the query complex-
ity of the optimal algorithm for the unique collision problem.

Its easy to see that O(N) > @, since we can just
check all values to find a collision.

We can get a lower bound as follows. Suppose that
g : B, — B is the function for a unique item Grover
search problem. Then f B, — B, defined by
f(z) = g(z) + « (mod 2") has a unique collision at the

‘good’ =, say g, since f(xg) = g(zo) + xo = xo + 1, Whilst
f(x) =« forallbad x. Thus f(zo) = f(xo + 1).

It follows that if we can solve the unique collision problem
with time complexity @, we can solve unique element
search with time complexity Q. But Grover’s algorithm is
optimal for unique element search, so O(v/'N) < Q.

We now develop an algorithm that uses O(N?3/4) queries.
Begin by partitioning B,, into random subsets A, each
of size V/N. Let k be ‘good’ if A, contains both z;
and z,; assume for now that such an A, exists (there
can be at most one). Now define an indicator function

g: {Ak} - {07 1} by

0 ifkisbad
Ag) = ’
9(4w) {1 if k is good.

One evaluation of g(Aj) can be achieved by just check-
ing all the elements in A, which has f query complex-
ity O(v/N). If we perform a Grover search with g as our
search function, we find a good A, with g query complex-
ity O(vV/V/N) = O(N'/*4), since the number of 4;’s is v/N.
Thus the total f query complexity is:

O(VN) - O
N—— N——
each use of g number of uses of g

= O(N3/).

Alas, it is unlikely that a good A; will even exist, so our
Grover search will probably fail.

If it does fail (it's easy to check - just compute g(Ax)
for the proposed ‘good’ Ay, taking only O(v/N) time), we
do the following. Now define Ay to be ‘good’ if it contains
exactly one of x1 and z» (so the other is in B, \ A;). Define
a new indicator function:

h(Ay) = 0 if Ay isbad,
7T 1 if Ay is good.

Can we implement h(k) efficiently? Yes! To find h(Ay), first
evaluate f(x) for all z € A and store the values. Denote
this set of values by f(Ay). Now perform a Grover search
over the N — +/N values in B,,\ Az, where an z is ‘good’
if it is on the list f(Ay) (there can be only one such z!).
The f query complexity of this is, by the general theory of
Grover’s algorithm,

o( N—\/N) = O(VN).

Note that evaluating h(Ay) causes us to actually find z;
and z,. Now perform Grover search with indicator function
h. There are two good items in size /N search space, so
we need O(N'/*) queries to & to find a single good Ay.
This has f query complexity O(N'/4).O(v/N) = O(N3/%).

Now simply evaluate h(A;) using O(v/N) queries to
find z1, zo. The total query complexity is O(N3/4).
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The complete algorithm is therefore this: (1) perform the
naive method assuming only one good Ag; (2) if that
fails, assume two good A; and apply the more complex
method; (3) if both falil, it's down to probability, and since
we succeed with a constant probability, we can just repeat
as many times as needed.

4.6 Making ampl. ampl. exact

Theorem: Amplitude amplification can be made exact
with at most one extra query to the indicator function.

Proof: Let |¢)) = «|g) + (|b) be the starting state for
ampl. ampl., where sin(f) = a. We know the algorithm is

exact if
.m 1
"T1 2
is an integer. Generally, though, n is not integral. To fix
this, choose 6’ < 6 such that

Then if we started with the state ') = o'|g) + B’ |V),
with o/ = sin(#’) (potentially redefining the bad subspace),
we’d have an exact algorithm, applying @ [n] times.

To achieve this, add a qubit to the system to make:
[¢) = alg) |0) + 56} [0) .
Apply the following rotation to the qubit:

U ( o Ja —\/1—a’2/a2) .
\/1—a'?/a2 o o

we can make this because o/ < o and we know «, .
Therefore: I®@ U |¢) =

12 /2

o' 19)10) 1 — X5 1a) [+ S ) 10)+84/1 — L5 8y 1)

Redefine the good subspace to mean strings with ‘good’
first n bits, then a zero at the end. Then for our new state,
o' = sin(#’'), so ampl. ampl. will be exact. The number of
rotations is [n] which is at most one more than using the
initial amplitude «. O

5 Hamiltonian simulation

5.1 Quantum dynamics

In a physical system with state vectors, there exists a self-
adjoint operator H called the Hamiltonian. It represents
energy. Recall that time-evolution of a quantum system is
given by Schrédinger’s equation

d[y)

= = H|Y).

We will consider only time-independent Hamiltonians, i.e.
H does not depend on ¢t. Then the formal solution of the
Schrédinger equation is

(1)) = e [4(0)) -
The matrix exponential is, as usual, defined by its power

series and converges for all matrices. Thus to approximate
quantum dynamics, we must approximate e~

5.2 Operator norms

Approximation (closeness) of operators is given by the
operator/spectral norm:

Definition: The operator norm of A is defined by

All = max ||A .
Al = max [1416)]

Theorem: We have
1. ||A|| = modulus of largest eigenvalue of A;

2. [[A+ Bl < [|All +1BIl;

3. [[AB|| < [|All - 1BII;

4. ||AU|| = |UA|| = ||4]| for unitary U.
Proof: Trivial. O

5.3 k-local Hamiltonians

Definition: Let H be a Hamiltonian acting on n qubits, i.e.
a 2™ x 2™ matrix. H is called k-local if it can be written as

H= iﬂj,
j=1

where each H; is a Hermitian matrix acting on at most &
qubits (not necessarily next door to one another).

Theorem: In the above, m = O(nk).

Proof: We clearly have m < (}). By Stirling’s for-
mula, (}) = O(n*) and the result follows. [

In particular, this means there are O(n*) - O(2F) = O(n*)
non-zero terms in the matrix H. This means we can
actually read the data in it in polynomial time! (If it were
2™ x 2™, this wouldn’t be possible!)
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Example1: H = X®I®I-5ZxI®Y is 2-local on 3 qubits.

Example 2: Let M; ;) denote the operator M acting
on the ith and jth qublt and I on all the others. The Ising
model then has Hamiltonian

n—1

H=7Y" ZupZij + ZijZig)-
ij—=1

This is 3-local on n qubits.

This generalise to the Heisenberg model.

n—1
H =3 Jx XX + JyY ()¥an) + Tz 20 L)
=1
Example 3: Basically all of chemistry can be framed in
terms of k-local Hamiltonians.

5.4 Commuting i-local Hamiltonians

We now try to simulate k-local Hamiltonians. This is in
general hard because

exp (—iZHjt) #+ Hexp(—iHjt)

if the H; are non-commuting. We'll therefore begin by
assuming that the H;'s are commuting, and we’ll come
back to the non-commuting case later.

In the case where the H;’s are commuting, we need
only approximate
exp (—iH;t)

separately. We often want to do this in terms of a standard
universal gate set; we can then use the Solovay-Kitaev
Theorem:

Solovay-Kitaev Theorem: Let U be a unitary opera-
tor on k qubits and let S be a universal gate set. Then U
can be approximated to within e using O(log®(1/¢)) gates
from S with ¢ < 4.

Proof: Not required. [

Theorem: Let {U;} and {V;} be sets of unitary oper-
ators with Ui — Vi|| < eforall i = 1,2...,m. Then
||U1 m— V1.V, ||<m6

Proof: In the n = 2 case, we have

[|[U2U1 —
< ||U2 - V2|| + ||U1 -

VaVil| = [|(Uz = Va)Us + Vo (Ur = V)|
V1|| = 26.

Then carry on by induction. O

Using these results, it's clear what to do:

Theorem: For H; commuting, we can approximate
e~*Ht to within € by a circuit of size O(n*poly(log(n*/¢))),
with gates chosen from any universal gate set.

Note that since m = O(n*), this circuit size is poly-
nomial in both n and log(1/¢). Note also that log(1/e) is
the number of digits of precision in the approximation.

Proof: Since the H;’s commute, we have

77,Ht He j .

By the Solovay-Kitaev Theorem, each e~ it can be ap-
proximated to within ¢/m with O(poly(log(m/e€))) gates
from any universal gate set. Then from the second The-
orem on error accumulation, we have that the full product
can be approximated to within m(e/m) = e using

O(mpoly(log(m/e))) = O(n*poly(log(n*/e))) gates. O

5.5 Non-commuting case

Definition: For any matrix X, write X + O(e) for X + E
where E is a matrix with norm ||E|| = O(e).

Theorem (Lie-Trotter Product Formula): Let A and
B be matrices with ||A|| < k and ||B|| < &, for k < 1.
Then

e~iAeiB = o~i(A+B) | O(x2).

Proof: We have

7Isz+ iA)

k:O

The norm of the sum can be bounded by:

Z AR ey

Therefore, noting that

(oo}

k=0

in particular using (k + 2)! > kl.
[[(—iA)?|| < k2, we have

T =T —iA+O(K?).
Therefore, we have
e~iAemiB = (

[—iA+O(k%))(I~iB+0(k%)) =

Now since ||A + B|| < ||4]| + ||B]| = 2« = O(k), we have
e"MA+E) = [ —i(A+ B) + O(x?). The formula follows. O

The Lie-Trotter product formula lets us get around
the non-commuting problem by essentially ignoring it.

20
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Theorem: In the non-commuting case, e~ 't can be ap-
proximated to within e by a circuit of size

4k 42 4k 42
o(ereon (s (77 ))

with gates chosen from any universal gate set.

Proof: In general, ||H,|| can be large, which is prob-
lematic when we want to use Lie-Trotter. To remedy this,
choose « such that ||H;|| < & for all j (this may be large)
and introduce N large so that

t Kt
151l < %

Therefore H;t/N have small norms (essentially, we have
split up the time evolution into small ¢t/ N sized steps). Now
consider:

_ Hit H,,t N
e (3o )

We note this is just the operator exp (—i (£ + ... + Zul))
applied N times. We want the final error in U to be less
than ¢, hence we want the error in

. Hit H,,t
exp(—z( N + ...+ N ))

to be less than ¢/N, by the error propagation Theorem.

=

Let's now work out our approximation for this opera-
tor. Since H;t/N has small norm, we can use Lie-Trotter:

e~ iH1t/N ,—iHat/N  —iHmt/N
i(Hy+H,)t/N K2t iHst/N iH ot /N
— [ g~ i(Hi+H2)t/ +0 ~r e~ iHst/N  —iHp ,

by Lie-Trotter. Notice that ||(H; + H2)t/N|| < 2kt/N. So
we can reapply Lie-Trotter to include the next term, and the
next, and the next, etc. until we get

o~ iH1t/N  —iHpt/N _ —i(Hi+ .t Hp)t/N
K2t2 (2K)%t2 ((m —1)r)%t2
(B0 o (B0, o (i)

Recalling that the sum of squares is a cubic, we have:

o~ tH1t/N  —iHmt/N _ —i(Hit..+Hn)t/N 40 (m%%z)

N2
Thus the requirement on ¢/N is, for some constant C':
m3k2t? € Cm3k2t?
<— = N>——.
¢ N2 N - €

Thus we need N = O(m?3k?t? /¢) to achieve error e.

Naively, we assume that e **/N can all be imple-
mented exactly. Then the circuit size is

m4:‘$2t2 n4kt2
O(Nm):O< B )—O( c )7

since « is constant.

The circuit we’'ve made consists only of e~ *it/N op-
erations. To incorporate an approximation to e~ “Hit/N,
we recall that the Solovay-Kitaev Theorem says we
can approximate e~ */it/N to within order O(e/C) by a
circuit of size O(poly(log(C/¢))) for whatever C' we choose.

By the error propagation Theorem, we must choose

Ak g2
C:O<n€t>,

the size of our naive circuit for the overall error to remain
e. Therefore the number of gates we need to use is:

o(75)0 (oo (v (757)))
-0 (i (150))) o

REMARK: For fixed n, € our algorithm takes time
O(t?) to complete. In real life, the quantum system runs
for time ¢. This occurs because of our use of the Lie-Trotter
product formula.

In fact, better ‘splitting formula’ exist to approximate
eAtB (we'll see Strang splitting, for example, below). In
general it's possible to show that the time for our quantum
algorithm can be improved to O(t°*1) for any § > 0.

5.6 Strang splitting

Theorem: For ||A|| < x and ||B|| < &, with k < 1, we
have the Strang splitting:

e A 2emiBmIA/2 _ (miATE) 4 (3,

Proof: Just as for Lie-Trotter, we have e~ i4/2¢=iB¢—i4/2 —

<1i;4 f§+0(n3)> (IiB B;+O(n3))
(I % - §+O(H3)>

Multiplying everything out, we find the result. O

Theorem: In the non-commuting case, et can be
approximated to within e by a circuit of size

n3k43/2 n3ke3/2
o (v (1 (7))

with gates chosen from any universal gate set.
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Proof: Everything’s the same up until when we work out
the approximation to e~ *#1t/N__e=iHmt/N At this point,
instead of using Lie-Trotter, we use Strang splitting. We
have:

e*Z(H1+H2)t/N — 671H2t/2Nelelt/Nelezt/2N+O < N3 > .
Since ||(H1 + H2)t/N|| < 2xt/N, we can iterate just as in
the Lie-Trotter case to find: e~ *(F1+-+Hm)t/N —

e—iHmt/2N —iHt/2N ,—iHit/N ,—iH1t/2N ,—iHyt/2N

+0 <*§t;) +0 ((va)th) +.t0 (W) .

Recall that the sum of cubes is a fourth power, so the error
in the Strang splitting is

m*r3t3 m*t3
o) =0 (%)
For this to be less than ¢/N, we need
m2¢3/2
=0 (/) -
Then, in the naive circuit, we need (from the Strang split-
ting) N(2m+1) = O(mN) operators. Thus the naive circuit

size is
m3t3/2 n3kg3/2
o c1/2 =0 c1/2 :

Now use Solovay-Kitaev argument to get result. O

5.7 Diagonalisable Hamiltonians

When Hamiltonians are diagonalisable by unitary matrices
that can be implemented efficiently, Hamiltonian simula-
tion becomes much easier:

Theorem: Let H be a Hamiltonian that can be diag-
onalised as H = UDU', for U unitary, and implementable
by an O(poly(n)) size circuit. D is a diagonal matrix:

D:Z|x><m|

Suppose that |z) — e~ |z) can be implemented in
O(poly(n)) time. Then e~#' can be implemented in
O(poly(n)) time.

Proof: Simply note that H* = (UDU")' = UDFUT,
SO
e—th _ Ue_iDtUT.

Now e~ Pt |z) = e~ @)t |2) is efficiently implementable, by
assumption, and so are U, U'. So we're done. (]

6 Harrow-Hassidim-Lloyd algorithm

6.1 Problem setup

We want to solve the linear system Ax = b, where
k,x ¢ CV and N is so large that Gaussian elimination
is inefficient. Assume N = 2" (we can always add zero
equations to get to a power of 2).

The best known classical algorithms take O(poly(NV))
time, but we’ll develop an algorithm that runs in

O(poly(log(N))) = O(poly(n)) time.

REMARKS: (1) Writing the answer down takes O(N)
time! So we’ll want to compute properties of the solution,
rather than the solution itself, e.g. quadratic expressions
like x”' Mx (if M were diagonal with some 1’s and 0’s, we
could compute any particular x; we desired).

(2) It takes O(N?) time just to read A, and O(N)
time to read b! So we’ll have to assume a special form of
A, bin order to make an improvement.

We will need the following important parameters:
e The system size N.

e The desired approximation tolerance, .

e The condition number of the matrix A. This is the ratio
of the modulus of the largest to the modulus of the
smallest eigenvalue:

K = |/\max|
|)\min| -
In classical numerical analysis, having « close to oo
means the approximation will be bad. This is because
k provides a measure of how close A is to being non-
invertible; this can be seen by renormalising A so that
[Amax| = 1, for then

1
‘)\min| = -
K

Then as k — oo, |Amin| — 0, implying A becomes non-
invertible at x = oo.

e A property of the solution we would like to calculate,
given as a quadratic form p = x7 Mx.

6.2 Assumptions on A, b and

As stated above, we can’t even read A in poly(n) time.
Therefore, we make the following restrictions on A:

1. Ais Hermitian. This does not constitute a loss of gen-
erality, since if it is not, we can redefine the system

(1 5) ()= ()

merely doubling its enormous size.
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2. We require the condition number x to be suit-
ably small; in particular, we’ll assume « is bounded
by poly(n). Such matrices are called well-conditioned.

We will also assume that A has been scaled
so that A\n.x = 1 (note evalues are real, since
Hermitian). Then all of A’s eigenvalues are in
[1/k,1] = [1/poly(n),1], i.e. they're all close to 1.

3. The algorithm uses Hamiltonian simulation. So we
need 4% to be implementable in O(poly(n, t,)) time.

Any class of matrices that satisfies this condition
will work in the HHL algorithm. We've already seen
that k-local A would do. However, these are not
the most general form; we’ll expand our scope by
considering matrices that are row-sparse and row-
computable. These are the properties we’ll assume
of A.

Definition: A matrix A is row-sparse if each row contains
at most poly(n) non-zero entries. More generally, a
matrix is s-sparse if each row contains at most s non-zero
entries. Note an row-sparse matrix is an s-sparse matrix
with s = O(poly(N)).

Definition: An s-sparse matrix A is row-computable
if the entries of A can be computed in the following sense:
there is a classical O(s)-time algorithm C which, given
any row index 1 < ¢ < N and integer &, output the kth
non-zero entry A;; or row i and its column location j. That
is, C(i,k) = (j, Ay;).

Theorem: Let A an s-sparse and row-computable.
The operator 4% can be implemented up to error ¢, by a
quantum circuit of size O(log(N)s%t).

Proof: Not required. O

For b, we assume the following:

4. b has unit length. This does not constitute a loss of
generality, since if we work with the normalised b in-
stead, we can just rescale the answer by |b| at the

end: X
A—=Db
b
5. The log(N)-qubit state
2n—1
Z bi |i)
=0

can be efficiently produced on a quantum computer in
time O(poly(n)). We'll discuss this in more detail later.

Finally, for © we assume:

6. 1 = x"Mx has M Hermitian. This does not constitute
a loss of generality, since if M is not Hermitian, we
can write M = K +iL, where

1

21

so that K and L are both Hermitian. We can then do

the algorithm for K and L separately to obtain x” LX,

xT Kx, and then combine at the end.

1
K=_-(M+M"), L=—(M-M",

5

7. Notice p is the expectation value of the observable
M (assuming it is Hermitian). Thus we assume the
measurement corresponding to M can be done in
poly(log(N)) time.

With all these assumptions in place, the best known clas-
sical algorithm runs in O(Ns+/klog(1/e)) time. The HHL
algorithm runs in

O(log(N)s*k?/€)

time, giving the solution to within e.

In the regime where ¢ = 1/poly(log(N)), and A is
well-conditioned (v = O(poly(log(N)))) and row-sparse
(s = O(poly(log(N)))), then the classical complex-
ity is O(poly(N)), whilst the quantum complexity is
O(poly(log(N))). Thus HHL constitutes an exponential
speed up.

6.3 The algorithm

For clarity of exposition, we’ll assume that phase esti-
mation and Hamiltonian simulation work perfectly. The
error analysis of HHL turns out to be very ugly and is
non-examinable. The algorithm is as follows:

The HHL algorithm: Work in an N-dimensional space
with basis {|i) : ¢ = 0,1...,N — 1}, i.e. log(N) qubits.
Let the eigenvectors of A be |u;) with corresponding
eigenvalues \;, for j =0,1,...,N — 1.
1. Begin the algorithm by implementing the RHS as a
quantum state |b), given by

N-1 N,
b) =" bili) =Y Bjluy)-
i=0 j=0

We assume this is possible here, but will prove that
we can do it later in the course.

Then our desired state is
N-1 ﬁ
) = A By = 3 3 fug)
j=0 "
It will be the object of the rest of the algorithm to com-

pute this. Note this is well-defined since by assump-
tion the evalues are bounded well away from zero.
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Clearly the operation of A~ on |b) is linear, but it is not
unitary. Therefore we need to use phase estimation,
which can implement a non-unitary operator.

. Apply the unitary phase estimation operator Upg for
the unitary operator ¢2™*4. The exponential here, and
its controlled powers, are implemented by Hamilto-
nian simulation.

The operator ¢?™*4 has eigenvalues e>™*i. Therefore
phase estimation gives:

N-1
Upe |b) |0) Zﬂ] luj) [A;)
7=0

. Adjoin an ancilla qubit in state |0). Consider the con-
trolled rotation C-ROT":

C-ROT [2)10) = /1~ S 1) 10) + & 1) 1)

Notice that C- is just some fixed operation on n + 1
qubits. It does not depend on the system Ax = b at
all. We'll discuss how to implement such a rotation
later in the course.

Apply C-ROT to the state from above, controlled on
the |\;) states. Then we get:

N-1

2
‘0@1—%MMMMH ) 1Ag) 1)
=

We want the part associated to |1).

Note here that ¢ must be chosen in C-ROT such that
¢ < |Amin|]. This is to ensure |c/\;| < 1, so that the
amplitudes here don’t exceed 1. For definiteness, one
might take ¢ = 1/x for example.

. We use post-selection. Measure the ancilla qubit,
hoping to get result 1. We see 1 with probability:

N-1 N-1
Z &| > A ? — Z |Bj|2|c‘2
=N = NP

This follows because

N-—1 1
1B)* =1, > 1.
2, 1P v

So we get 1 with constant probability, and therefore
can afford to keep repeating the algorithm O(x?)
times until we get 1.

As an alternative, one might use amplitude am-
plification. The O(k?) repetitions can be reduced to
O(k) repetitions. Here, the ‘good subspace’ consists
of anything with a |1} in the final register.

5. We are left with the state
LBy
Z uj) [A;)
vf"J “ A

We need to erase the A;’s. As usual, run phase esti-
mation in reverse:

Upe 19) = %j@wm ——|2)10).
VP A VP

Discard the |0). The answer we obtain is
c
VP

which is the normalised version of the solution.

%) = —= ),

6. To obtain the property p, we perform measurements
of the observable M on |%) to estimate its mean value:

2 2
=" (alMla) = 2.

Here, (1 is the normalised form of .

According to the Chernoff-Hoeffding bound,
log(1/7)
°(¥

suffice to estimate the mean g = (&|M|z) with any
desired probability of success 1 — 7, to any desired
accuracy &.

7. We know what ¢ = 1/k is, as we chose it when apply-
ing C-ROT. Similarly, we can estimate P in the post-
selection step by applying the Chernoff-Hoeffding
bound to the ancilla measurement outcome, whose
mean is

O-po+1-p1 =~

where p, is the probability of 0, p; = P is the proba-
bility of 1. Using these pieces of information, we can
find u = (x| M|x), the un-normalised form of ..

6.4 Production of the state |b)

In the HHL algorithm discussion above, we assumed we
could make the state |b) efficiently. We will now show how,
via an iterative procedure.

Theorem: Assuming that

gk, ko) = Zzﬂ

lk]

can be made classically in O(poly(n)) time for any 0 <
k1 < ko < N — 1, we can make |b) in O(poly(n)) time.
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Proof: Intuition: Let a, b > 0 be real with a® 4+ 2 = 1. Notice

that
a —b
b «a
is unitary and maps |0) to [£) = a |0) + b]1).

Now suppose s, t,u,v > 0 and s? + t2 = a2, u? + v? = b2.
We now want to make the state

In) = 5|00) + £]01) + w[10) + v |11).

Begin by making |¢) |0) = @ |0) |0) +b|1) |0). Now apply the
controlled rotation

C-ROT |z) |0) = cos(8;) |z) |0) + sin(6,) |z) |1) .
This gives
|n) = acos(fp) |00)+asin(bp) |01)+bcos(61) |10)+bsin(y) |11) |

This suggests we should pick cos(6y) = s/a (if a = 0, the
whole construction is easy, and we don’t need controlled
rotations). Then sin(6y) = /1 — s2/a? = t/a. We should
also pick cos(#y) = u/b, so that sin(f;) = /1 —u?/b? =

v/b. Thus we're left with:
[n) = s|00) +¢]01) + w|10) + v |11).

Induction setup: We now iterate this process, by adjoining
a |0) each time and applying a controlled rotation, now
controlled by all previously existing qubits.

Let B, .. denote the set of bit strings in B, con-
structed as follows. If ;; = 0, delete the second half of B,,,
and if i, = 1, delete the first half of B,,.

Now consider the remaining strings, if io = 0, delete
the second half of the remaining strings, and if i1 = 1,
delete the first half of the remaining strings. Ilterate to get
B

010k "

Define T, .., = Z

TEB; ...y,
empty set). In particular, it's clear that T;
and for any fixed k, we have

Z Ti.“ik = Zbi =1L

i1,i2.. ik

b2, and Ty = 1 (where ) is the

v = iy i,

Notice also that by assumption, we can make any of the
T;, .4, iIn O(poly(n)) time.

For each B, ,; introduce an associated angle 6;, ,,
defined by

T, ...ix0
T, ’

1.0k

T . ip1

sin(@il ..Aik) = T

cos(0i,..i,) = :
1.-.2k

Then the rotation ROT(6;,..;,) maps |0) to
1

ROT(0;, 4,)]0) =

T . (Tilu.iko |O> + ﬂ]...ikl |1>)
11...2%

Induction proof: Now begin the main proof. The base case

begins with
1= b =Tj.
reB
Compute Tj, and hence compute cos(6y) = Tp/1 = To.

Apply ROT'(6p) to |0) to get T |0) + T1 |1).

We now outline the induction step. Suppose we have

made
k) = D Tiyoiy lin.in) -

110
Adjoint a |0) qubit, and then apply the controlled rotation
C-ROT, controlled on the |i;...i) register. By the definition
of the angle 6, ., , this gives

|'(/)k+1>: Z Ti1---ik+1 ‘il"'ik+1>'

i1.igan
After n steps, we get the desired state |b), as
Ty i, bi, .i,. This is all O(poly(n)) since the

controlled rotations can be implemented in O(poly(n))
time (see below). O

6.5 Controlled rotations

Theorem: Let m = poly(log(/N)) = poly(n). Provided that
the angle 6, € [0,7/2) can be computed from z in O(m) =
O(poly(n)) time, the controlled rotation

C-ROT |z) |0) — |z) (cos(8;) |0) + sin(6;) |1)),

where |z) is an m + 1 qubit register, can be implemented
as an O(m) = O(poly(n)) size circuit using only 1 and 2
qubit gates.

Proof: Adjoin m + 1 ancilla qubits in state |0) in the
middle first, and put 6, in them (using the O(poly(n)) time
calculation of 6,,):

[2)10)g -+ 0}y, [0) = [) [62) 0) -

Write 0, = ig.i1...is, in binary (assuming 6, € [0,7/2)).
Then we have:

R(6,) = R(io)R (2) R (;’;) .

Labelling the final qubit as ¢ for target, we implement
C-ROT via the two qubit gates:

C-ROT (iy)0:C-ROT “) ..C-ROT (””) .
2 1t 2m mt

Finally, just erase the |6,.) register by running the compu-
tation of 6, backwards. Discard these qubits, and we're
done. O

(In practice, 6, will not be exact to m + 1 bits, how-
ever this can be accounted for.)
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6.6 Applications of HHL

Example (Dynamical systems): Let z; € RY be the state
vector of a discrete linear dynamical system with evolution
rule:

Tep1 = Loy = Az + b,

where A is an N x N matrix which is row-sparse and
row computable and b is constant. Suppose that A is
Hermitian and ||A]| < 1/2, and that the system has been
scaled to have ||b|| = 1. A stable state is a state s € RY
for which Ls = s.

Suppose we are given two such systems, (A4,b) and
(A’,b"), whose stable states s and s’ are either (i) within
/6 of each other; (ii) further than =/3 from one another.
We can use HHL to decide which is which.

Note that the stable states of the system obey the
linear system (I — A)s = b. Since ||A]] < 1/2, the
eigenvalues of I —a lie in [3, 3], and so are bounded away
from zero. Thus I — A is well-conditioned. Since A is
row-sparse and row-computable it’s clear that 7 — A is too.

We assume |b) can be implemented in poly(log(V)) time.

Therefore, HHL appliedto (I — A)s=band (I — A")s' =¥’
gives the states |s) and |s’), within tolerance e of the real
solution, in time O(poly(log(NN))/e) (we haven'’t seen this
explicitly, but it was stated before the outline of the HHL
algorithm).

The given conditions mean we have either:

3 s 1
/2>QI:7 N2 < 2(2) « 2.
[ (s|s")|* > cos <6> 4,0r\<3|3>| < cos (3)_4
Consider applying the swap test to |s) and |s'); then we
have
1+ (s]s") |?
2 )
as before. In the ideal case, when |s) and |s’) are exact,
we have

Prob(0) =

Prob(0) >

ool 3
co| Ut

or Prob(0) <
So we can distinguish the states by computing these prob-
abilities (which will involve use of the Chernoff-Hoeffding
bound).

However, the states are nof exact. If |5) and |3') are
the true solutions, we have

115) = Is) I <& E) = 1) <e.
This implies that (we’ll assume this here):

[ (S8 [ = [ (sl || < £(e),

for some f(¢) which obeys f(¢) — 0 as € — 0.

Therefore for any small n > 0, we can, with suitable corre-
sponding small ¢, have

Prob(0) > g —n, or Prob(0) < g + 1.
The probabilities are separated by i + 2n. Therefore a
good estimate of the probabilities will let us decide which
case is which.
For this, we use the Chernoff-Hoeffding bound: if we
estimate Prob(0) as frequency f of 0 seen in k& samplings
of a 0/1 distribution, then

|f — Prob(0)| < & with probability > 1 — e,
if & > log(1/€)/2¢€2.

Thus we need only sample the swap test O(log(1/e))
times for any . So the whole process runs in time:

0 (poly(ioe() - *1ox 1 ) ) =0 (polyog()).

for fixed tolerance e.
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