Part lll: Quantum Field Theory - Revision

Lectures by Ben Allanach, notes by James Moore

1 Classical field theory

Definition: The Lagrangian of a system of fields ¢,(z),
x € RY, is a function L = L(¢4,0,¢4). A Lagrangian den-
sity for L is a function £ obeying:

L= /de (G, Duba).

Note the Lagrangian density is not unique; we can add on
any three-divergence V - A and get the same Lagrangian.

Definition: The action of a system of fields is
S = /d4x L(Pa;0uda),

i.e. it is the time integral of the Lagrangian.

Least Action Principle: Fields evolve such that S is
stationary with respect to field variations which have fixed
initial and final values.

Theorem: The dynamics of fields are given by the
Euler-Lagrange equations:

oL oL
o (=) =0
e " (8(au¢a)>

Proof: Let ¢, +— ¢4 + 6. Then S transforms to:

oL oL
S'—>S+Z/d4x (8%—5“ <8(8“¢a)))6¢a’

using integration by parts (and recalling fields vanish at
spatial infinity, and have fixed initial and final values so
that §¢(tinit, X) = d¢(tin, X) = 0). The result follows. O

Example: The Klein-Gordon Lagrangian is
1 1
= — H —_ = 242
L 28,@8 10) 5™ o°.

The equation of motion is 9,0"¢ + m?¢ = 0, called the
Klein-Gordon equation.

Trialling a wavelike solution ¢(x) = e~* with = = (¢,X),
p = (E,p), the equation implies E? = |p|?> + m?, i.e. the
relativistic energy equation for a particle of mass m.

Example: Consider the Lagrangian density
1
L= —%(@AV)(@"A”) + 50,40

The minus sign is necessary to ensure the ki-
netic terms are positive. The equation of motion is
O (0 A” — 0¥ A*) = 0, which if we define the field-strength
tensor F*" = 9t A¥ — 9V A" can be written compactly as
0, FH = 0.

Definition: A Jocal Lagrangian has no terms cou-
pling ¢(t,x) and ¢(t,y) for x #y.

In this course we only use local Lagrangians.

Definition: A Lorentz transformation is a matrix A satisfy-
ing ATnA = n (where 7 is the Minkowski metric). In index
notation, this is A” ,n,-AT, = 7, or (taking the inverse):

v

TN =

Definition: Under a passive Lorentz transformation,
a scalar field ¢(x) transforms as ¢(z) — ¢'(x) = ¢(Ax)
(i.e. just a relabelling of coordinates). Under an ac-
tive Lorentz transformation, the field transforms as
d(x) = ¢ (z) = p(A 1) (i.e. field itself moves position).

In this course, we use only active transformations
(but passive transformations are completely equivalent
since the inverse of a Lorentz transformation is a Lorentz
transformation).

Definition: If the action S of a theory is invariant
under Lorentz transformations, we say the theory is
Lorentz invariant.

Theorem: Any theory with Lagrangian density
L= 19,00"¢ — U(¢) is Lorentz invariant.

Proof: Let ¢/ = A lz.
transforms as:

Ux) =U(¢(x)) = U () = U(g(z)) = U(a"),

so U transforms as a scalar field.

The potential density U(¢)
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The derivative 9,,¢(x) transforms as:

a, Jv 8 / | ,
0u9(a) > Buota’) = S O0E) _ (n-ye ot (e,

Using this we see derivative term transforms as:
Oud(x)0" () — 0,6(a")0" (a'),
using ATnA = 7. Hence
L(¢(x), 0ud(@)) = L(x) = L(2),

under a Lorentz transformation, and hence L is a Lorentz
scalar. So the action transforms as:

/d4x/3A x)

Now change variables as y = A~'x. The Jacobian is
det(A~!) = 1 for A in the special Lorentz group, and so
the action is invariant. O

S S = /d4x£

The above Theorem also shows that vector fields
transform as A, (z) — A} (z) = (A1), A, (A1)

Noether’s Theorem: Every continuous symmetry of a
field theory gives rise to a conserved current j* obeying
Ouj* = 0.

Proof: Let ¢ — ¢ + 0¢ be a symmetry. Then the
Lagrangian must be invariant up to a four-divergence
(so that the action is invariant): £ — £ + 0, X*. Taylor
expanding the transformed L, we also have:

oL
L+ 8(5
L6+ 50,0, + D,60) = £+ 66 ¢ + 0,80 55
oL
=L+0 1)
* ( 3(0,9) ¢)

using the Euler-Lagrange equations. Comparing both ex-
pressions, we must have:
) =0. O

O ( <8f¢) o=

JH

Theorem: A conserved current j# satisfying j© — 0
as |x| — oo gives rise to a conserved charge

= / d®x 5°.
R3
Proof: We have:

@:/cﬁx@ojoz—/d?’xv-j:o,

by 0,,7* = 0 and the divergence theorem. [

Example: Suppose £ does not depend on z explicitly.
Consider an infinitesimal translation ¥ — z¥ — €. The
fields transform as:

P(x) = ¢(z” + ) = ¢(x) + €0, P(x).
Also since the Lagrangian is a scalar,
L(x) — L(z¥+€") = L(x)+€" 0, L(x) = L(x)+€" 0, (0%, L(x)).
Following Noether’s Theorem, we see we get one con-
served quantity for each component of €”:

oL

U = 58.9)

By — 6" L.

Definition: We call 7%, = (j*), (in the above) the
energy-momentum tensor. The associated conserved
charges are the total energy and the total momentum:

E = /ddx TOO, Pl — /ddx T()i.

Theorem: |If T is not symmetric, we can make it
symmetric. Let I'’*” be antisymmetric on the first two
indices. Then T + 9,I'’*¥ is a symmetric conserved
quantity for some choice of I'.

Proof:  0,(T* + 0,I'"*") = (0,0,)I'"" = 0, since
we have antisymmetric indices on I' and symmetric
indices on the derivatives. So conserved.

Choose T' to obey 0,(I'"*” — T'**#*) = 0 for symmetry
on u, v indices. [

Definition: The conjugate momentum of the field ¢ is de-

fined to be:
oL

87¢.).
Definition: The Hamiltonian density is H = r¢ — L, where
¢ is eliminated everywhere for 7. The Hamiltonian is:

H:/d3x7-£.

Note: In the Hamiltonian formalism, there are also
equations for dynamics (Hamilton’s equations). These are
given by:

b= fﬁ . _oH
= T = 8¢7

where the derivatives are functional derivatives.
Also note that the Hamiltonian formalism is Lorentz

invariant because it is equivalent to the Lagrangian
formalism.
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Example: Consider a Lorentz transformation A*,. The
infinitesimal generator of this transformation, given by

B SK n
A, =0, + e,

can easily by shown to be antisymmetric (i.e. w,, = —w.,.)
using ATnA = 1.

Choosing specific w’s gives rotations (choosing w to
have only non-zero entries in lower right 3 x 3 block) and
boosts (choosing only non-zero entries to be in rest of
matrix).

A Lorentz-invariant theory gives us conserved quan-
tities from w*,,.

Theorem: A scalar field transforms as

¢'(z) = p(z) — e, 2" Oy d(),

under the above infinitesimal Lorentz transformation.

Proof: We know ¢'(z) = ¢(A~'z). So just need
A~ But ATnA = 7 implies (A~1)*, = n*°A™_n,,. Hence
(A~YHr, = §*, — ewt,. Substituting into ¢(A~1z) and
Taylor expanding, we get the result. O

Since the Lagrangian is a scalar field, the Lagrangian also
transforms as:

L'(z) = L(z) — ew, 2”0, L(x).

Notice that 0, (w", L) = w*, 2”9, L(x), by a short calcula-
tion. So the Lagrangian changes by a total derivative!

It follows from Noether's Theorem that we have a
conserved current:

o v
]I—L - 7wﬂ’/$ Tylpv

after a short calculation. The associated conserved charge
is

Q= —/d3x wpl,TO”x”.

For w a rotation generator, only Latin indices survive. In-
deed, we can write w;, = €;;5¢" in the standard way. Then
the conserved charge is:

Q = —eijk/dga: (blTOJl‘k = 561“7% /dg.’L‘ (ﬁz (TOk.’L‘j — Tijk) .

Taking ¢* = (1,0,0),(0,1,0),(0,0,1) in succession gives
the three conserved quantities:

Definition:
field is:

The conserved angular momentum of a

1 . .
Qi = 5€ijk /d333 (17 = T% %)

2 Free quantum field theory

Definition: To quantise a system of fields, we use the sec-
ond quantisation scheme. We promote the fields ¢,(x),
m(X) (as functions of three-position) to operators labelled
by x (that is, there are two operators for each 3-position).
We impose the commutation relations:

[ma(X), m(Y)] = 0, [¢a(X), ¢6(Y)] = 0,
[6a(X), 7°(y)] = i6,"0° (X — ).

An operator-valued function of space is a quantum field.

Theorem: The Hamiltonian of Klein-Gordon theory is
1 1 1
3 Lo 1 2, L, 2,2
H/dx<27r +2(V¢>)+2m¢>.

Proof: Quick calculation. [

We now quantise, so promote ¢ and = to quantum
fields obeying the above commutation relations.

To solve the theory, we use the following trick. Write
¢ and 7 in terms of creation and annihilation operators
in momentum space (analogous to quantum harmonic
oscillator):

[ dp 1
o) = / (2m)3 | /2wp

700 = [ T8 (i) (age® — afem),

where wp = /|p|? + m? = Ep. Inverting, we find the defi-
nitions of the operators ap and aj:

o fin ([Foms ) o
a;r, = /d3X (\/?WX) - \/;TPW(X)> e P,

To obtain this, we take the Fourier transform of ¢(x), =(x)
and use the delta function identity:

&3 ix.
(53()() :/(27;)’361 P,

[ag,ag] = 0, [ap,aa] =

(apei’x'p + a;,e_ix'P) ,

Theorem: [ap,aq] = 0,
(2r)35%(p — q).

Proof: Follows directly from definitions of ap, a,T,. O
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Theorem: The Hamiltonian of quantum Klein-Gordon the-
ory may be written as:

L[ dp Pt
H = 3 / Wwp (apap + apap) .

Proof: Substitute in the expressions for ¢(x) and = (x) in
terms of the creation and annihilation operators, and be
very careful with the algebra! [

Definition: The vacuum state |0) is the state for which
a,p ‘0> - 0-

Theorem: The energy of the vacuum state is infi-
nite: H|0) = oo |0).

Proof: We have:

3 3
10) = [ 55 genlapabl 0) = 5 [ 5 s’ @)10).0

There are two kinds of divergence here. The first is
because space is infinitely large (called infrared diver-
gence); if we worked in a finite volume V instead, we
would have:

(27)25%(0) = / Bx %0

So we can safely remove the delta function by considering
energy density instead. Then we get a second divergence
(called ultraviolet divergence) from:

E / dp 1

v~ ) @np2t
This is because p can be arbitrarily large; i.e. we're
assuming the theory holds for arbitrarily small distance

scales. Instead, we should cut off the integral at some A,
called the ultraviolet cutoff, where the theory breaks down.

To fix the problem of infinite energy practically, we in-
troduce normal ordering of operators.

Definition: Let ¢;(x1)...¢,(X,) be a string of opera-
tors. Its normal ordering is the same string, but with all
creation operators moved to the left and all annihilation
operators moved to the right. The normal ordered string is
written:

L 01(X1)P2(X2)..fn (Xn) :
In particular, the normal-ordered Hamiltonian is:

d3p f
cH = /W Wpapap,

and so H |0) = 0, i.e. we’ve removed the infinite constant.

Theorem: The quantum normal-ordered momentum, P, in
Klein-Gordon theory is:

d*p
P = /W pa,];ap.

Proof: Computing the energy-momentum tensor, we see
that 70 = —7V¢. Hence:

L[
P= —/dgx Vo =..= 5/ (2:;3 p (apa;, + agap) 5

after a calculation (using the fact odd terms integrate
to zero). After normal ordering, we get the required
expression. [

From now on, redefine H to be the normal ordered
Hamiltonian. Then:

Theorem: We have [H, ap] = —wpap, [H, a,];] = wpa;g.

Proof:  Quick calculation using relation [ap,af] =
(2m)*6%(p — q). O

Definition: We define the state |p) by |p) = a} |0).

Theorem: (i) H |p) = wp |p); (i) P|p) = p|p), where P is
the normal-ordered momentum operator.

Proof: (i) H|p) = Ha}h|0) = [H,ab]|0) = wp|p). For
(i), we have:

Pp) = /(;ﬂj qallag.a}] [0) =plp) O

We can interpret the results of the above Theorem
as follows. (i) The state has energy E = +/|p|? + m?; (ii)
the state is a momentum eigenstate with momentum p.
This shows that the state |p) is a particle of momentum p
and mass m.

Definition: We define the
Py, Py, -, P,,) 1O bE a,T,l...a,T,n |0).

multi-particle  state

Note that since the a,T, commute, multi-particle states
are symmetric under exchange of particles in this theory.
So these particles are bosons.
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Definition: The space spanned by the multi-particle
states is called Fock space.

Let the vacuum be normalised as (0|0) = 1. Then

{pla) = (Olapal|0) = (0llap, ad)|0) = (2m)*5°(p — Q).
Note (p|q) is a scalar, so should be Lorentz invariant. But it
isn’t! To fix this, we need to normalise our states differently.

Theorem: (i) The measure

JE
is Lorentz invariant; (ii) 2E,6%(p — q) is Lorentz invariant.

Proof: (i) Notice /d4p is trivially Lorentz invariant.

Also note the dispersion relation pZ = |p|*> + m? is trivially
Lorentz invariant. Hence

/ d*p §(p§ —

is a Lorentz invariant. Using the identity

)= 3 %ﬁﬁﬂ

x; roots of g

p[* —m?)

po>0

we’re done. (i) follows since
dgp 3

The measure is Lorentz invariant, and 1 is Lorentz invari-
ant, so 2Ep4°(p — q) must be Lorentz invariant too. [

This Theorem shows that if we define |p)
get

(plg) = \/2Ep\/2Eq(27)*

and so we're saved.

= /2Ep |p), we

3(p —q) = 2Ep(21)°6°(p — q),

Definition: We define the relativistically normalised
momentum eigenstates to be [p) = \/2Ep |p) . Throughout
the rest of the course we will use relativistically normalised
states.

The quantisation of Klein-Gordon theory generalises to
complex scalar fields easily.

Definition: Free complex scalar field theory is described
by the Lagrangian

L= 0,00 )" — pP 4.

To solve quantum complex scalar field theory, we introduce
raising and lowering operators as before. But since v is
complex, ¥)T = ¢* is not necessarily equal to v, so we get
some extra creation and annihilation operators:

_ d3p 1 iX-p T —ix-p
w/(zw)?',/QEp (oe® o+ che ™)

d? E . ,
= [ i 5 (P o)

This time = comes from = = ¢* = 9L£/dY, i.e. we get a
change in sign of the i due to the complex conjugate.

The commutation relations are:

[p(x),m(y)] = i8°(x —y), [WFx),7 (y)] = —i6*(x ~y),

with all others zero. These imply the commutation rela-
tions:

Theorem: The creation and annlhllatlon operators
obey: [bp, b] = (27)%3(p — @) and [cp, c§] = (27)*5(p — q),
with all other commutation relations zero.

Proof: Same as in real scalar case. O

We can also compute the normal-ordered Hamiltonian:

d’p i i
H = [ G5 Enlbibe + cheo).

In both Klein-Gordon theory and in free complex scalar
field theory we can construct a special conserved charge
@ which we associate with particle number.

In Klein-Gordon theory, we introduce (out of thin air):
Definition: The number operator is given by:

d3p
N = / (27r)3 a;ap.

This is called the number operator because it counts the
number of particles in a multi-particle state:

Theorem: N |p,,....p,,) =1 |P1, - Py) -
Proof: We have

dq o4
Nlpy, - P,) = (QW)Saqaanf“aPn |0} .

Now commute aq past each a};i, and use induction. [J

Theorem: [N,H| = 0, i.e.
served.

particle number is con-

Proof: Tedious calculation. [




J. M. Moore, 2019

Constructing a number operator is easier in complex
scalar field theory, since we can use internal symmetry of
the Lagrangian:

Definition: An internal symmetry of a theory is a
symmetry of the Lagrangian involving only a transforma-
tion of the fields.

In complex scalar field theory, we have that v — ei*y

is an internal symmetry of the Lagrangian. By Noether’s
Theorem, this gives rise to the conserved quantity:

Q=i [@x (o -vrd) =i [ @x @ - via)
In the quantum theory, this is the normal-ordered operator:
[

i.e. it consists of the difference of two number operators
N, and N, of Klein-Gordon form.

cpcp b pbp);

Theorem: [Q,H] = 0, i.e. the difference between

N, and N, is conserved.

Proof: Tedious calculation. [

The fact @ is conserved is important. It gives the in-
terpretation that b and ¢ correspond to two different
particles, whose difference is always constant. Thus we
should view b and ¢ particles as particles and correspond-
ing antiparticles (of opposite charge).

Definition:  Heisenberg operators are defined from
Schrodinger operators by: Og(t) = eHtOg(t)e L.
Heisenberg states are defined by |¢) ; = [1(0))4 (i.e. the
corresponding Schrddinger state at time 0).

Clearly, multiplying by et on the left and e~ ** on
the right, we arrive at equal time commutation relations for
the quantum fields in the Heisenberg picture:

[¢(X, t)? 7T(y7 t)] =i6° (X - y)7

with all others zero. The Heisenberg picture also gives an
equation of motion for the quantum fields:

Theorem (Heisenberg’s equation of motion):
We have: Oy (t) = i[H, Ogl.

Proof: Use the Definition of the Heisenberg operators. [

Theorem: e'ftqpe=Ht = e=ibbiqy, etha,];e_th = eiEPta:,.

Proof:  Use Maclaurin expansion of LHS, together
with commutators [H, ap] = —Epap, and [H, a}] = Epa}. O

This immediately gives the Heisenberg quantum fields:

[ dp 1
‘b(x)_/(%r)‘d V2B,

m(x) = / (;lj:))B (—z)\/? (ape—mp _ a;r)eix-p) )

These expansions are also now manifestly Lorentz invari-
ant. Note also: the Heisenberg Hamiltonian is the same
as the Schrédinger Hamiltonian.

(ape up_,'_a’f 7’1‘[))

Its also possible to recover the Klein-Gordon equa-
tion in operator form from the Heisenberg picture:

¢ = ilH, ¢()]
=3 &Y ([r(y)*, ¢(@)] + Vyo(y) Vy[o(y), o(x)]
+Vylo(y), 6(2)IVyo(y)) = ... = ().

Similarly, # = V?¢ — m2?¢. Combining these equations
gives the Klein-Gordon equation.

Now we have the Heisenberg picture, it is easy to show
that particles in Klein-Gordon theory have spin 0.

Theorem: The normal-ordered quantum angular mo-
mentum operator in KG theory is:

i d*p e 0
=g [ G (Vo 755 ) o

Proof: Putting the KG energy-momentum tensor into the
general angular momentum conserved charge from ear-
lier, we find:

Ji = €ijk/d3$ W(x).%‘]ak(ﬁ(l‘)
It's easiest to quantise with Heisenberg fields (so we don’t
pick up signs by differentiating), then pick an arbitrary time

later on (J; is conserved so it doesn’t matter what time we
pick). Substituting the Heisenberg fields in, we get:

_f . 3 d3p d3q P —ipx _ T ipx) .
QEka/d X @) 2r)? \| Eq (ape ape )

ch(—iqk) (aqe_iq'”’ — ageiq"”>
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To get delta functions, absorb (—ix’) into the exponentials

using derivatives:
d3p d3 ,
i dS p —ipx _ T ipx) |
eJk/ 27y \| Eq (ape ape )

7" (aq{fb_e_“"z +aq aa el )

Now integrate over x to get delta functions:

_ i P 5 [Ep il i 9 53
= §€ijk/ (Qﬂ)gd q Equ ((apaq—apaq)aqj(<S (P+d))

0
+abaq — ap) - (0P - ) ).
Need to integrate by parts now. Easiest to define:

0
LW ek
i 1€55k4 aqja
as in ordinary quantum mechanics. This operator clearly
satisfies the Leibniz property, so can be used in integration

by parts. Note also that L; q)f( 2) = 0, since acting with
a/aqj produces something proportional to ¢/, L( )f(q2) o
eijkq’q" = 0, so L operators pass straight through square
root energy:

_1 [ dq @,
N 5/ (27r)3(a7qLi

The first two terms are zero, because they are odd.
This can be seen by sending q — —q in these terms,
then integrating by parts. The L; are symmetric so are
unchanged by the transformation.

al L(q)a +a qu)aa—aLLEq)aq).

Hence after normal ordering we have:

1 [ dq
Q; == 5/ o) (Ll(-q)a:;aq - aﬂ;LEq)aq).

Integrate by parts on the first term, and we’re done. O

This result allows us to determine the angular mo-
mentum of the quantum KG field.

Theorem: Q;|p) = LP|p).
spinless.

That is, KG particles are

Proof: We have:

Qilp) = _/ (;lﬂ(;s aqL [\/anap 10)]

Integrate by parts to move L off the particle state. Then
use commutation relations of ¢ and a' to create a § func-
tion; the result follows. O

Definition: A theory is causal if spacelike separated
operators commute. That is, if z and y are spacelike
separated, then [O; (), O2(y)] = 0.

Theorem: In Klein-Gordon theory, [¢(z),¢(y)] = 0
for spacelike separated = and y, and [¢(z), ¢(y)] # O for
null or timelike separated = and y (i.e. the theory is causal).

Proof: Define A(x — y) = [¢(x),é(y)]. A short cal-
culation shows:
_ d°p —ip(o—y) _ gip(o—y)
Ale—y) = / (2Ep)(27)? (e —¢ )

This expression uses the Lorentz invariant integration
measure, and only has 4-vector products in the integrand,
so it’s Lorentz invariant. For a timelike separation, we can
transform to x — y = (¢,0,0,0) by Lorentz transformation,
which gives a non-zero result when we insert into the
integral.

For a spacelike separation, we can transform to a
frame where the events x and y occur at equal times, so
thatp- (x —y) = —p - (X —y). Swapping p — —p in the
second term cancels the first (modulus of Jacobian of
transformation is 1). O

Make a particle at y. What's the probability we’ll see it at x?

Definition: The propagator is defined by D(z — y) =
(0l (z)p(y)|0)-

Theorem: An integral expression for the propagator
is:
d3p
Dz—y)= | —a—
(=y) / (2m)32F,
Proof: Brief calculation. [

—ip-(z—y)

Note D(z — y) does not vanish for (z — y)? < 0.
However, A(x —y) = D(z —y) — D(y — ) = 0 does vanish
as we saw above. Since there is no way to order spacelike
separated events, it is just as probable for a particle to go
from z to y as it is y to x.

For complex scalar fields, we see [¢(x),%f(y)] = 0
for  and y spacelike separated. By the same argument,
this shows the amplitude for a particle to go from « to y
cancels the amplitude for an antiparticle to go from y to x.
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Definition: The Feynman propagator is Ap(z — y) =
(0|T{o(z)op(y)}|0), where T stands for time-ordering, given
by:

o(x)o(y) if 2° > ¢°,

T{o(x)p(y)} = {¢(y)¢(x) otherwise.

Theorem: An integral expression for the Feynman propa-

gator is
dip ie~ir(z=y)
A )= | £ =
r(z—y) /(2@4 e

where integration along p® is defined by its analytic
continuation in the complex plane, given by the contour:

Proof: Notice that p?—m? = (p°)*—Ej = (p°—Ep) (p°+Ep),
so the poles are at p” = +E, as expected. The residue at
the poles is +e* % (=" ~v") /2, respectively.

When z° > 4°, close in the LHP so we can use Jor-
dan’s Lemma. As p° — oo, we see we can apply Jordan’s
Lemma, so we get (in combination with the Residue
Theorem, and a minus since the contour is anticlockwise):

d3 1 N B (20— 30) b (X—
Ap(x—y):/@?:)z%(—%m)ze Ep(@"=y7) gip-(x=y)

Hence Ap(z — y) = D(x — y). Similarly, for 2° < ¢, get
Ap(z —y) = D(y — z), so done. O

Using the contour above is equivalent to instead cal-
culating the integral

d*p iew(z-y)

r(z=y) 20 (2m)% p%2 — m?2 + ie

Using this integral is called the ic prescription. All it does
is push the poles off the real axis slightly.

Theorem: The Feynman propagator is a Green’s
function for the Klein-Gordon operator.

Proof: We have:

dp i(—p*+m?) _,
2 o2 2 ) — —ip-(z—y)
0 = VoA mI)Ar@—y) / (2m)t p?2 —m? + i’

4
= —i/ (37:;46"”‘(%9) = —ist(x—y). O

3 Interacting scalar theory

Consider perturbations to the free Lagrangian:

An@"

n!

1 1 =
— B — Zm2d —
L= 50u00"¢ — Sm?¢ n;,
Begin with some dimensional analysis. Since [S] = 0, we
find [£] = 4. So [¢] = 1. This gives [\,,] = 4 —n. There are
three cases:

e 4—n>0,i.e. n=3. Then [A\3] = 1, so A\3/E is di-
mensionless, where E is the energy scale. So for low
energies these terms are important, but can be ne-
glected at high energies. We call such terms are rele-
vant perturbations, and the theories renormalisable.

e 4—n =0,i.e. n = 4. Then [\4] = 0, so the perturbation
is small for Ay, < 1. These terms are called marginal
perturbations. We call the theories renormalisable.

e4-—-n<0,ie.n >4 Then[\,] =4 —n,s0 \E"*
is dimensionless. This is small at low energies, and
large at high energies. We call such terms irrelevant
perturbations, and the theories non-renormalisable.

In this course we will only consider relevant and marginal
perturbations.

Write the Hamiltonian of an interacting theory as
H = Hy + Hpn, Where Hj is the free theory Hamilto-
nian. In general:

Definition: Interaction picture operators are defined
by O;(t) = eHotOge~iHot where Og is the Schrodinger
operator. Interaction picture states are defined by

(1)), = et [i(t))g -
Theorem: O;(t) = i[Hy, O;(t)).

Proof: O;(t) = iHyeotOge= ot — jeitlotQge—itot [y —
i[Ho, O1(1)). O

Theorem: We have:

d
i )y,

where H; = (Hint)s, i-€. the interaction part of the Hamil-
tonian in the interaction picture.

Proof: We have:

d iy iy
(€T W) ) = ie ™ Hy [) g — ie T H [9) g,

by the Schrédinger equation. Now note —Hiny = Hy — H,
and so we put the pieces together to get the result. [
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Slogan: Interaction operators evolve according to the
Heisenberg equation with free Hamiltonian Hy. Interac-
tion states evolve according to the Schrodinger equation
with Hamiltonian Hy, i.e. just the interaction part.

Hence the field operators in the interaction picture
are just the free field Heisenberg operators:

dSp —ip-x T ipx
1)~ [ ez (o)
where ap and aI, are the free creation and annihilation
operators, still obeying [ap,ag.] = (2m)35(p — p’). Note
ap |0) for the vacuum of the free theory, but ap [Q2) # 0, for
the vacuum |Q2) of the interacting theory.

We want to know how states evolve in interacting theory;
to find out, define:

Definition: The interaction time-evolution operator is
defined by [¢(t)); = U(t, to) |1 (t0)) -

Another useful realisation of this operator is as the
interaction picture version of the Schrddinger time

evolution operator: U(t,tg) = et Ug(t, to)e iHot =
eiHot/e—iH(t—to)e—iHot.

Theorem:
equation:

The time-evolution operator obeys the

= H;U(t,t U(t,t) =1.
dt I(’O)a (a)

Proof: Boundary condition clear by Definition. For equa-
tion, note:

dU(t to)

Hy [(0)); = i 2

dt(U(t to) [1(to)) ;) =

[P(to)); -
LHS equality follows from state evolution equation
above. RHS equality is just differentiation.  Write
[¥(t)); = Ul(t, to) [¢(to));, and compare left and right. [

To solve, integrate directly iteratively: U (¢, ty) =

/dt Hi(t

To get Dyson’s formula, we write each of the multiple inte-
grals in a clever way, using the diagram:

t/
/dt /dt” Hi(¢"H(t") + ...
to

This diagram shows

t t’ t t

/dt’/dt” H(t)H (") = %/dt’/dt” T{H;(t')H;(t")},

to to to to

where T stands for time-ordering. Similar diagrams show
that the same thing happens for all other terms in the ex-
pansion. So we can always put a time-ordering inside the
multiple integrals, then just integrate over the same range
each time. Hence we have:

Dyson’s formula:

Ul(t,ty) = Texp (—i/dt’ H](t/)) :

to

In scattering problems, we assume that the initial and
final states are well-separated, so are essentially non-
interacting. Thus we assume the initial and final states are
eigenstates of the free theory.

Definition: The S-matrix is defined as:
S = tlirgo U(t,to).
to——0o0

The amplitude for an initial state |¢) to scatter into a final
state | f) is given by (f|S]i).

Example: Consider scalar Yukawa theory:
]' * * *
L= 50.00"¢ — SmP¢% + 9Ot — PPy — g .
Consider meson decay into a nucleon and an anti-nucleon:
iy = \/2Epa} |0), \ /éleqlqubqlcc| |0) (note these

are in the free theory)

By Dyson’s formula, we have to first order in g:

(181 = 1T (=i [ e gv (@)ta1ote) ) 19
—~ig{f] [ d'a T(* @w@@)i) + Os?)
—~ig{f] [ d's 6" @w(@)o()i) + O(s"),

since there’s only one time in the first order integral, so
the time-ordering is trivial. Note also that the zeroth-order

term vanishes.

We'll see how to calculate such integrals in a nice
way shortly.
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From Dyson’s formula, we know we want a quick way of
computing quantities like (f|T{Hy(x1)...Hr(zn)}7) .

Definition: A contraction of a pair of fields in a string
d(x1)d(x2)...0(xy) is defined by:
[ —

AF(QTZ‘ — ;EJ)(;S(xl)qﬁ(xl,l)qS(szrl)¢(xj,1)¢(xj+1)¢(xn)

Wick’s Theorem: The time-ordering of a string of
fields may be written as:

T{p(x1)...0(xn)} =: ¢(x1)...6(xn) : + : all contractions :

Proof (Sketch): By induction. The base case is for two
fields, i.e. T{o(x)d(y)}. Write:

d3 1 -

¢+(,’L‘) :/(27:))3\/Eape_zpl‘£7
. [ dp 1
¢ (x)*/ (271.)3 /2Epape

Assume z° > ¢°. Then

T{p(x)¢(y)} = (" (2) + ¢~ (2))(6" () + & (y))

ip-x

normal ordered string

= ¢ ()" (y) + ¢~ ()7 (y) + ¢~ (Yo" (2) + ¢~ ()07 (y)
+[0" (2), 0™ (y)].
N——————
the propagator
Recall D(z —y) = (0|¢(z)¢(y)[0) = (06T (x)¢~ (y)[0) =
(Ol[¢™ (), ¢~ (y)]|0) = [¢7(x), 6™ (y)] (since ¢~ is a cre-
ation operator and ¢ is an annihilation operator). Thus
T{o(x)p(y)} =: ¢(x)¢(y) : +D(x — y).
Swapping = and y in the above gives T{¢(z)p(y)} =:
o(z)p(y) : +D(y — x), since normal ordering is symmet-
ric under the interchange from above expression. Thus
T{p(x)p(y)} = ¢(x)¢(y) : + Ap(z —y).
N———

contraction

We sketch the induction part. Write ¢(x;) = ¢; for simplic-
ity. Now suppose Wick’'s Theorem holds for T{¢s...¢,,}.
Consider T{¢1¢2...¢,, }, and suppose 29 > z?. Then:

T{p1¢2...0n} = 1 T{P2...0n}
= (¢7 + ¢7)(: ba...¢b, : + : all contractions :).

The ¢; can stay where it is, but the ¢ has to commute
past the normal-ordered string all the way to the RHS. Ev-
ery time it commutes past an operator in the normal or-
dered string, we get a propagator D(x; — x). After time
ordering this gives Ap(z1 — k). O

Wick’s Theorem also holds for complex scalar fields. Here,
we define contractions via:

[— [— [—
V(@)Y (y) = Ap(z —y), ¢(@)Y(y) = 0= (2)¥"(y).
Here, the Feynman propagator is the nucleon propagator

(i.e. replace m with p).

Work in scalar Yukawa theory. Consider nucleon to
nucleon scattering: [i) = \/4Ep, Ep, bbb [0) = |p1,p2),
|f) = /4Ep; Ep,bp bp, [0) = |p},p5). We are interested
only in the case when the particles interact, i.e. we should
consider (f|(S — I)li).

By Dyson’s formula, we get:
(IS = Dli) = ~ig (7] [ d'z v @)wlz)o()i) +
(=i

up to order O(g?). Note the order O(g) term cancels,
since ¢(x) ~ a + af, and a annihilates the |i) state, and
a' annihilates the (f| state. So lowest order non-zero
contribution is order O(g?).

Use Wick’s Theorem to evaluate the time-ordered
middle part. Note that if the ¢’s are not contracted, they
are in the normal-ordered part, and we get complete
annihilation as at order O(g). So must contract ¢’s.

We note that we need exactly two b’s on the right,
for if we had more, we could commute two past the bf’s
in |i), and annihilate the |0). If we had less, we'd have
enough bf’s on the right to commute to the left, and with
the left overs annihilating (0|. Similarly, we need exactly
two b'’s on the left. So we mustn’t contract the ¢’s and

P*’s.

Hence we only need the terms:
—

st (@) (@)Y (22) Y (22) © P(21)P(72),

and the same term with x; < x-.
Recalling how many b's and b'’s we need, we see
that: (f] : " (z1)Y(z1)y* (v2) Y (2) : |7)
d*qy...d*q, \/16Ep, ...Ep,
:/ <O‘bpibpéb;1bTQbQ3bq4leg1b;r’2|O>

(271')121 / 2Eq12Eq4

,ei(‘h “T14q2-T2—q3-T1—q4-T2)

Using the commutation relations, we can evaluate the in-

ner product in the integral: (0|bp: bp; b, b, b, b, bp, b, |0)

= (21)(6° (P} — d2)0° (P — A1) + 0°(Py — 41)0°(P3 — Q)
(8%(ay — P1)6%(ds — Py) + 0°(Ay — P2)8° (A3 — Py))-

10

£ \2
29) <f|/d4$1d4$2 T{Y* (z1)¢(x1)d(z1)" (2) Y (22) (22) }Hi)
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Putting all this back into the integral, we have:
(19 (@) (@)™ (w2) ¥ (22) « [0)
_ (ei(p/l.xz—i-p;»:vl) + ei(p;»:vQ-q-p’l.wl))

_(efi(pl-szrpzwl) + efi(p1~x1+pz-zz)).

Hence our expression for {f|(S — I)]i) is

- 2
(—29) /d4x1d4x2 <em2~(p’1—p1)+i:c1~(p§—p2)
2

dAk Z'eik-(xg—;cl)

+ei$2'(P/2—I)1)+i331'(p/1 —p2) + (371 o 1’2)) /

Since integral is symmetric on x; and x5, can swap in sec-
ond term, so just get twice first term. Thus left with final
answer:

i(—i 2 2) 454 SV A i

Z( 79) ( ﬂ-) (pl + D2 141 p2) (pl _p/l)g —m2 T+ ie

i
+ — ].
(ph —p1)2 —m? + ze)

Whilst the calculation using Wick’s Theorem is simpler, it
is still horrible. We therefore use a diagrammatic method
for calculating scattering amplitudes: Feynman diagrams.

Feynman diagrams:

1. Draw an external line for each particle in |¢) and
in | f). Draw dashed lines for the real scalar fields
¢, and solid lines for the complex scalar fields, .
Add arrows for complex fields to show the flow
of charge. Draw an in-going arrow for an initial
particle and an out-going arrow for an initial anti-
particle. Do the opposite for final particles/anti-
particles.

2. Join the lines together at vertices. We can only
join vertices in a way the the interaction term in
the Lagrangian allows. For example, if the inter-
action was ¢°vy*¢, we would be only be able to
join 5 real scalar lines, and two complex scalar
lines, at a vertex. No other vertices are permitted.

3. We can, however, have as many vertices as
we like. For example, in scalar Yukawa theory
(i.e interaction *y¢) both of the following are
acceptable diagrams:

(2m)4 k2 — m2 + e’

We associate Feynman diagrams to terms in the ampli-
tude, (f|(S — I)|i). Our interpretation of a Feynman dia-
gram is as follows:

e Each vertex in a Feynman diagram represents an in-
tegration variable x;. For example, a two-vertex di-
agram corresponds to the second term in the ampli-

tude, meaning an integral over /d4x1d4x2 .

e Connecting vertices with edges corresponds to con-
traction in the Wick expansion (note the external par-
ticle lines don’t have vertices on the outside). The re-
maining fields are included in the normal-ordered part.

¢ Recall that the fields in the normal-ordered part need
to take a very specific form; namely, they need to
annihilate the incoming particles, and produce the
outgoing particles.

After doing all our commutation work, this amounts
to putting in a factor of e~7*1 for a particle with
momentum p coming into a vertex z;, and ¢?**1 for a
particle with momentum p going out of a vertex z;.

For example, the diagram:

Corresponds to the term:
(—ig)Q/d4x1d4x2 eimz-(p/l*pl)Jrixl'(sz*}h)AF(xl — z3).

(Note: There is no factor of 2 here, because by convention,
the vertices of a Feynman diagram are unlabelled. This
means that a Feynman diagram represents both the
diagram with the vertices in one position, and with the
vertices interchanged, if this is possible.)

Note that given an amplitude of this form, we can in-
tegrate out x;, xo, etc. In particular, this gives delta
functions which fix the values of the momentum in the
propagators (if the propagators don’t form a loop). That is,
momentum conservation is imposed at each vertex by the
integration over the vertices.

11
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Hence, we can associate a number to each Feynman dia-
gram via the Feynman rules:

The Feynman rules:

1. At every vertex, write down a factor (—
g was the coupling of the interaction.

2. Add a factor of (27)*5* ( Z i — Z pl) for

ingoing outgoing
global momentum conservation.

ig), where

3. Impose 4-momentum conservation at each vertex
in the diagram. Write down a propagator:

7
k2 —m?2 + e

for each internal line (replace m by p for internal ¢
fields), inserting the determined k, or leaving until
Step 4.

4. Integrate over any undetermined momenta k.

Example: For nucleon-nucleon scattering in scalar
Yukawa theory, there are two possible diagrams:

Using the diagrams and the Feynman rules, we can
just write down the answer we got above.

In practice, the Feyman rules are refined to instead
find the scattering amplitude of the process:

Definition: Write
(fI(S = D)li) = iAsi(2m)"o" (Z pi — ZM) :
initial final
The scattering amplitude is Ay;.

The Feynman rules are easily refined to compute
Z'Afi:

—_

. Write a factor of (—ig) at each vertex.
Impose 4-momentum conservation at each vertex.

For each internal line, write a factor of the propagator.

A 0D

Integrate over any undetermined momenta.

Example 1: For v(p1)¥(p2) — ¢(p))o(ph) scattering in
scalar Yukawa theory, the lowest order amplitude is:

1

iAy; = (—ig)? <(p1 — P2 — 2 + (p1 — i) — p? )

Example 2: Consider ¢(p1)o(p2) — o(p))o(ph) scat-
tering in ¢* theory, i.e. with interaction Ly = —\¢*/4!.
The lowest order amplitude is just —i\.

We lose the 4! because the diagram represents the

term: "
"2 [t (51 oo@)o)ot) : i

in the Wick expansion. When we write out this in terms of
annihilation and creation operators, we need, as before,
exactly two annihilation operators to act on |i) and two
creation operators to act to the left on |f).

How many ways of making this choice are there?
Since any of the field operators can contribute any of the
annihilation/creation operators, and order matters, there
are 4! ways, which gives 4! terms in the normal-ordered
expansion, which cancels the 4! up front.

Example 3: Consider a theory of 3 fields governed
by the Lagrangian:

2
1 1 (<
Z ( 0u6i) (9" 1) - 2m2¢?) - (2‘; ¢>?> :

with [¢;, ¢,;] = 0. Then the propagator can be calculated. If
20 > 9%, we have for i # j:

OIT{di(x)d;(y) }|0) = (0l¢s(2)¢;(y)|0) = (0[¢i(x),

since all annihilation/creation operators commute if
i # 7, so can readily annihilate |0) and (0]. For
i equal to j, just get normal propagator. Hence:
O1T{¢i(x)9; () }|0) = 05 Ap (x — y).

The interaction term gives two possible interactions:
—\¢}/8 interactions and —\¢?¢73 /4 interactions (for i # j).

To lowest order, ¢;¢; — ¢;¢; scattering has ampli-
tude —3i), using the reasoning from ¢* theory.

To lowest order, ¢;¢; — ¢;¢; scattering has ampli-
tude —iX. This is because in : ¢;(x)¢;(x)o;(x)p;(z) : we
are now more restricted as to where the fields can go; an
+ and j must act to the left, and an 7 and j must act to the
right. So pick from 2 possible 7, and 2 possible j, giving a
factor2 x 2 = 4.

12

¢;()]0) =0,
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Example 4: Consider a theory governed by the La-
grangian:

1
L= 00" 0" = p2Y" + 50,606 — Sm?6?
—g¥* o — hly|* — kd® —109,90" )" ¢.
Let’s calculate the vertex rules for this theory.

e For ¢¥*y¢, the amplitude is —ig, because there is no
symmetry of the operators at a vertex.

e For ¢3 vertices, we have amplitude —6ik, because of
the obvious factor 3!.

e For [1|* = (¢*)?4? vertices, we have amplitude —4ih,
as with ¢;¢; — ¢;¢; scattering above.

e For 0,90"¢y*¢, consider a vertex such as ¢(pi1) —
¥(p2)Y* (ps). From our interpretation of the Feynman
diagram, we expect this to give an e~®1'* factor in
position space from the ¢, but due to the derivatives,
we expect a —po - pge’P2P3) @ from the ¢*1). Hence
the amplitude is ilps - p3. Note that this can change
sign dependent on whether the nucleons are both in-
going/outgoing or one ingoing, other outgoing.

Note that —ig and ilps - p3 combine additively at a ¥*y¢
vertex.

We won't really use correlation functions in this course,
but they will be important in the future. Throughout this
section, work in ¢* theory.

Definition: Functions of the form

(0[T{¢(z1)...¢(xm)S}O) ,

are called correlation functions. Using the expansion for .S,
a general term in this may be written (using ¢(x;) = ¢;):

4!

(G0 [t O 010668 00)-6 )0

Since this is sandwiched between vacuum states, any
normal ordered part from Wick’s Theorem vanishes. So
we must perform all possible contractions in all possible
ways.

Example: Consider n = 1, m = 4. We can contract
in the following ways:

e Contract each ¢, with a ¢(x). ¢; can be paired with
any of the 4 ¢(z)’s, ¢2 can be paired with any of the
remaining 3 ¢(z)’s, etc, so there are 4! terms of this
type. So the contribution is:

—i)\/d4az Ap(z1—2)Ap(2e—2)Ap(23—2)Ap(24—2).

e Contract two ¢; fields, and two ¢(z)’s, then contract
remaining ¢,’s with ¢(z)’s. There are (‘21) ways of pick-
ing which ¢,'s we'll contract, and () ways of picking
which ¢(z)’s we’ll contract. There are then 2 ways of
pairing up the remaining fields. So there are a total of
6 x 6 x 2 =72 terms of this type. They look like:

2\
f%AF(zl—:@)/d‘lx Ap(zs—2)Ap(zs—z)Ap(z—2),
and 5 other similar terms with z1, z2, x3, x4 permuted.

Note Ap(x —x) = Ap(0) = oo, which we will ignore.

e Contract all ¢;’s and all ¢(x)’'s separately. There are
3 x 3 = 9 ways of doing this (since we pick a part-
ner for ¢; from 3 other fields, then the other pairing is
determined; similarly for ¢(z)’s). Terms look like:

—%AF($1—$2)AF(CE3—$4)/CZ4Z Ap(z—x)Ap(z—1),

and two other similar terms with other pairings of ¢;’s.

This calculation can be represented by the diagrammatic
expansion:

Definition: The constant we divide by is called the
symmetry factor of a diagram. The symmetry factors are
1, 2 and 8 above.

Example: Consider n = 2, m = 4, and consider the
term with contractions:

qbl¢2¢.3q5:4¢(x)¢(x)qb(x)¢(m)¢(y)¢(y)¢(y)¢(y).

We can represent this as a diagram:

We now compute the diagram’s symmetry factor. From
the Wick expansion, we get a constant % (ﬁ)z. We lose
the 1/2 immediately because of exchange of integration
variables: x > y.

13
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The other symmetries of this expression are:
e ¢; connects to a ¢(z) - 4 choices.
e ¢, connects to a ¢(z) - 3 remaining choices.
e ¢3 connects to a ¢(y) - 4 choices.

e ¢4 connects to a ¢(y) - 3 remaining choices.

e ¢(x) connects to a ¢(y) - 2 choices.

Final &(z), ¢(y) pair is then determined. So
4x3x4x3x2 = (4)%/2. Hence the symmetry
factor of the diagram is 2.

We can make calculations easier by introducing posi-
tion space Feynman rules for correlation functions:

1. Write a factor of —iX [ d*z for each vertex x.
2. Write a factor of Ar(y — z) for each line from y to z.
3. Divide by the symmetry factor of the diagram.

Note we don’t need to worry about e**?'*’s because there
are no external edges; we work with vacuum to vacuum
calculations.

We can easily upgrade these to momentum space
rules:

1. Write a factor of —i )\ for each vertex.

2. Impose four-momentum conservation at each vertex.

3. Write a factor of the propagator p> — for each
€

(3
_ m2 +4
internal edge with momentum p.

4. Integrate over any undetermined momenta.

(63}

. Divide by the symmetry factor of the diagram.

There is a recipe for computing symmetry factors from the
diagrams rather than the Wick expansion.

1. If a propagator starts and ends at the same vertex, get
a factor of 2.

2. If a pair of vertices is connected by k identical propa-
gators, get a factor of k!.

3. If vertices can be permuted without affecting the dia-
gram, get a factor of the number of permutations.

4. If there are n identical disconnected pieces, get a fac-
tor of nl.

5. In a one-vertex subdiagram of the form:

get an additional factor of 2.

Example: Consider the basketball diagram

This has symmetry factor 4! x 2 = 48 from rules 2
and 3.

Consider (0]5]0). Its diagrammatic expansion is:

Note all of these diagrams have no external lines.

Definition: Diagrams with no external lines are called
vacuum bubbles.

Theorem: We can write (0|5]0) as:
(0|S10) = exp (Z distinct connected vacuum bubble types) .

Proof: Too hard for this course. We can verify it to second
order, however, by checking the following:

Next term, we will see that
(QT{)1...0 }S|Q) = (Z connected diagrams) -(0]S]0),
where connected means every part of the diagram is con-

nected to external points. For example, this diagram is still
connected:

14
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So far, we've neglected the frue vacuum of interacting
theory: |2), obeying H |Q?) = 0 and (Q|Q2) = 1 (we worked
with |0) obeying Hy |0) = 0 and (0|0) = 1).

Definition: The Green’s function is define by

G(")(xl,.. ) <Q|T{¢H(x1) ¢H(xn)}|9>>

where ¢ are Heisenberg fields.

Theorem: We have:

OIT{¢1(x1)...01(2m)S}0)
(01510)

= Z (connected diagrams with m external points) .

QUT{bm(x1).. 01 (xm)}?) =

Interpretation: If we discard Feynman diagrams with
vacuum bubbles, we get the right answers (i.e. with the
true vacuum) by working with the free vacuum.

Proof: Work from the RHS to the LHS. First assume
WLOG that 29 > 2 > ... > 2% (and write z{ = ¢;) so we
can forget about time-ordering. Then the RHS numerator

is:
(0|U (00, t1)pr(21)U (t1, t2)...U (t—1,

where we’ve just converted the S-matrix into time-ordered
form. Converting the numerator of RHS to Heisenberg pic-
ture:

(0|U(00,0)¢r (21)0H (2)...0 1 (2m) U(0, —00)|0)
(]

Define the state |¢) as shown above. We want to take the
limit as ty — oo in:

(¥[U(0,10)|0) = (¥|Us(0,£0)[0) ,
where Ug is the Schrédinger time evolution operator. This
holds since H, annihilates |0).

Insert an identity operator I using resolution of identity.
Note that Ug(0, t0) |2) = |€2), since the full Hamiltonian an-
nihilates the interacting vacuum, and Ug is an exponential
of the full Hamiltonian. Hence:

(¥|Us(0,t0)[0) =

(V| Us(0,t0) [|Q Q|+Z/Hd P; [p1.-- pgﬂ-épl pn:| 10)
=1

= (1|9 (2/0) +Z/H 2Ty, exp(Z )

since |p;...p,) are interaction eigenstates, and Us(0,ty) =
et As t, — —oo, the second term vanishes by the
Riemann-Lebesgue Lemma:

b
lim f(x)e* =0,

p—oo J,

for f absolutely integrable.

Hence (|U(0,t0)[0) = (¥|Q)(Q[0).
tor reduces to:

(01U (00,0)¢p (21)...01 (zm)[€2) (2/0) .
Similarly, (0]U (o0, 0)[¢"y = (0]€2) (©]¢)’), so the numerator
reduces completely to:
(Qon (z1)...0m (2:)182) (2/0) (0]€2) .

Finally, note the same argument applies to the denomina-
tor too: (0/S|0) = (0|U(oc0,0)U(0, —00)|0) = (0]€2) (©2|0).
Hence we get the LHS. [

So our numera-

4 Cross-sections and decay rates

Definition: Defined the Mandelstam variables in a 2 to 2
scattering process by:

=(p1 —p1)? u=(p —ph)>

Theorem: s + ¢ + u is equal to the sum of the squares of
the initial and final masses.

§= (pl +p2)27

Proof: Sum is 3m3? +m3 + m? + m% + 2p; - (p2 — i —1h),
which gives result on using momentum conservation. OJ

In particular, the Mandelstam variables are not inde-
pendent of one another.

In real life, we don’t have momentum eigenstates as our
initial states; instead we have sharply peaked superposi-
tions:

N ’p; A’y .
) = [ e G ) o) 1)
We assume the distributions f; are sharply peaked at

some ]52 = Pi-

The outgoing particles |f) are still considered mo-
mentum eigenstates; this is a good approximation for
collider experiments.

The transition probability for 2 to n scattering, with
initial momenta p;, p. (sharply peaked around these
momenta) and final momenta ¢;, is given by:

W =[{fI(s = Dli) [*.
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Inserting the integral form of |i), we have W =

oo [ B e B,
(2m)32E, (27)32E, (2n)32E] (27)32E),

(Z% 1 — p2> g (Z:Qi_ﬁl_ﬁ/2>

Expand the second delta function explicitly, and use
> i ¢ =p1+p2 = P1+ P2 to write W =
_d’py

4 ~ ip1-T d3p1 ~/ N\ _—iphx
d'z | ——zom f1(p1)e™ Soaa 1 (P e
(2m) 2E1 (2m)32E]

~ 1p2-T d3

<(27r)454 (Z G — P — m) |Afi|2> .

Recall the formula for the wavefunction:

e fi(p).

Al f1(1)

f1( )f2 D2 f2

) —ipy-T

i) _/dgp
) (273 2B,
Inserting into the above:
1 1

= /d4 F\/ﬁm\/ﬂf’
(2m)*| Ay 20" (Z g — P —152> :

Using p1 + p2 = p1 + p2, and Ey = E}, Ey ~ El, we find
that

AW i1 (x)? [ () ?
%:‘ ;Ell ;(Ez (2m)*st ZQi_pl_p2 |Apil?.

|1 ()2 ()2

This is the transition probability per unit time.

We now convert this into something measurable. Suppose
that we are in particle 1’s rest frame, and that it has an
effective cross-sectional area do. Let p = |1 (z)|? be the
probability density of the target particle, and ¢ be the flux,
i.e. the probability density passing the point per unit time.
Here, ¢ = |1z (x)|>v, where v is the relative velocity of the
particles. Hence we have: dW/d*z = dop¢, and so

27)4 -
do = (%54 (m + g — Z%) |A i,

where F is the flux factor, F = 4FE E>v.

Theorem: 7 = 4,/(p; - p2)2 — mm3.

Proof: Work in rest frame of second particle, i.e.
p2 = (ma,0) p1 = (/m?+p?,p,). The relative ve-

locity is then v = |p1\/E1, and we get the result using
E? =m? +|p,|*. The answer is Lorentz invariant so holds
in all frames. O

Hence we have a final result:

Total cross-section: The total cross-section is o =

d3 A2 -
i (58) 24 (o S50).

where F = 4./(p1 - p2)?

—m3m3 is the flux factor.

In 2 to 2 scattering, we use the Mandelstam variables.
Note:
=2|pla.l,

t = ml + ml 2Ep1Eq1 + 2p1 ql

dt
d cos(6)
where 6 is the (frame-dependent) angle between p, and
q,, i.e. itis the scattering angle.

To simplify our general calculation, write

d*q,
2EQ2

= d*qy (g5 —m ) H(qy),

where H is the Heaviside function (this is the reverse of the
calculation showing Lorentz invariance of the measure).
Expand the q, integral in polars, then in terms of ¢, t and
energy Eq,:

3 2 1
d ql _ |ql‘ d|q1|dCOS(9)d¢ _ quld(bdt
2FEq, 2Eq, 4|p, |

Using the total cross-section formula above, and perform-
ing the ¢» and ¢ integrals, we find

do

1
_— = Eq |Afi]?6 -9
dt ~ StF|p,| /d aq,|Ail“0(s— my+m'?—2q1-(p1+p2)).

This is simplest in the centre of mass frame. Let p; =

(v/IP,[> +m3,p,) and p, = (v/Ip,[* + m3, —p,). Then by

considering s, we find:

N2 (s,mi, m3)
3

2V/s

where \(z,y, z) = 22 + y? + 22

F = 20125, m3, m3),

Ip.| =

— 2zy — 2xz — 2yz. Thus:

Differential cross section: In the centre of mass

frame,

do _ o AnP
dt ) ooy 16mA(s,m2,m3)’
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For a particle decaying, we are considering 1 to n scatter-
ing. Thus from above we need to consider:

o)

This is equal to the probability density of the decaying par-
ticle multiplied by the rate at which it decays, dI', the differ-
ential width. Hence we have:

dqz 454
2E,,/H 27)32Eq, |45l (2m)"0 ( Zq)

Note this is not Lorentz invariant; it is the time taken in the
rest frame of the particle.

aw
W _ WP >| AL

In scalar Yukawa theory, the decay width of a meson is:

2
16mm \©  m? '
To calculate this, we first find | A f;|? = ¢* from the Feynman
rules. Then we put this into the above formula, in the rest

frame so that p = (Ep,0) = (m,0). The calculation also
requires us to use the fact that

0(x — ;)
2. PECHI

roots x;

o(f(x)) =

5 The Dirac equation and spinors

Consider a column vector ¢°(x) of fields. Under a Lorentz
transformation A, the most general transformation is:

¢°(z) = D% (M) (A "a).
Since applying two Lorentz transformations A;, A, con-
secutively is the same as applying A;A;, we find that D is

a representation of the Lorentz group. To get fermions in
QFT we pick the spinor representation.

To find this rep, we look at the Lie algebra of the
Lorentz group.

Definition: The Lie algebra of the Lorentz group is
called the Lorentz algebra.

Write an infinitesimal Lorentz transformation as:
AP, = 6", 4 ew”, + O(€%).
We saw w,,,, a general element of the Lorentz algebra, is

antisymmetric. Introduce a basis for the Lorentz algebra
as (the obvious antisymmetric basis):

(MPU)HV = nPHyTY — nohpPY.
Here, we have antisymmetry on po, since we need exactly
6 independent matrices to span. Lowering indices,
(Mpo)u = nPhs, — nou(;pu_
We can then write a general Lorentz algebra element as

1
(.UIL = 59/)0' (MPU)ILV

14

Here, Q,, is antisymmetric (any symmetric part would can-
cel with M»7), and w”, = %ng(nﬂ“ég —nTHer) = QF .
Theorem: The structure constants of the basis are
from:

[]\/[p07 MTV] — na‘rMpu _ np'rMm/ + 7,]pz/]\44:77' _ ﬁUVMpT.

Proof: Brief calculation. OJ

We can recover finite Lorentz transformations connected
to the identity 1 by exponentiating: A = exp (3Q,,M*7) .

To construct the spinor representation of the Lorentz
group (and of the Lorentz algebra) we go through a couple
of stages.

Definition: The Clifford algebra is an algebra gener-
ated by objects +# obeying {+*,7"} = 2n"1. Explicitly,
this means y#+y¥ = —"y# for v # p and (79)? = 1,
(%)= -1

17
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The simplest solution to the Clifford algebra is a set of
4 x 4 matrices.

Definition: The chiral representation of the Clifford
algebra is the set of matrices

where o are the Pauli matrices, obeying their own algebra
relations: [0, 07] = 2ie*a*, {0t 07} = 207 5.

Any similarity transformation v, — U~,U~! also gives a
representation of the Clifford algebra.

Definition: The spinor representation of the Lorentz
algebra is given by:

1 S U B
577 = 10"l =507 = o™

Theorem: S"” indeed constitutes a representation of
the Lorentz algebra.

Proof: First show [SH ~P] = ~Hn¥P — 4¥n7H, then
deduce

[Spa, STV] _ na‘rspz/ o inSUV + naVS/JT o ,’,)O'VSPT. O

Definition: The spinor representation of the Lorentz
algebra gives rise to the spinor representation of the
Lorentz group written:

1
S[A] = exp (29,,03"") )
Definition: A Dirac spinor is a collection of fields ¢, (z),

written as a column vector (yg(x), 11 (x), Ve (z), ¥3(z))7,
which transforms under a Lorentz transformation as:

¥ (x) = S[A]" gy (A 1a).

The spinor representation is inequivalent to the fundamen-
tal (vector) representation of the Lorentz group. We can
see this by considering rotations and boosts of spinors.

Theorem: Rotation of a spinor by 27 changes it by
a minus sign; rotation by 4= leaves it invariant.

Proof: Use chiral representation of gamma matrices.
For a rotation, the only non-zero S#* components are:

1 0 o 0 o i . (0F 0
ij _ © ) ] — _ ° ijk
# gl 0 (o D) (0 2)

Since ;; is antisymmetric, we can write it as Q;;
—e;x 0" for some vector ¢. Then

1 " ei¢-a/2 0
S[A] = exp (2QWSP > = ( 0 ei¢»6/2) :

For a 2 rotation, ¢ = (0,0,27). Then S[A] = —I4. For a
47 rotation, ¢ = (0,0, 4x), then S[A] = I,. O

A vector would transform under a 2x rotation via:

0 0 0 O
1 0 0 2 0
_ - po\ _ _
A =exp (QQPUM > =P lo _or 0 0 1.
0 0 0 O

Theorem: Under a boost in the direction x by speed
|x|, the spinor representation of the Lorentz group is

exol2
S[A] = ( 0 ex~a‘/2) .

Proof: Same as rotations. Only non-zero components are

;1 (-0 0
0t _ — )

and boost parameters may be written Q¢; = —Q;0 = x;. O

For boosts, SST = S2, so the representation is not
unitary. In fact:

Theorem: There are no finite dimensional unitary
representations of the Lorentz group.

Proof: Too hard for this course. O

We can however prove that our spinor representation
cannot be unitary:

Theorem: The spinor representation is not unitary,
for any representation of the Clifford algebra.

Proof: The rep is unitary iff (S*)T = —S#*. Note

v 1 v
(s#)F = = 16MT ().
So we would need all v*’s Hermitian or all v*’s anti-
Hermitian. Since (1°)*> = I, 7° has real eigenvalues so
cannot be anti-Hermitian. Since (y%)? = —1, it cannot have
real eigenvalues, so cannot be Hermitian. O

18
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To build a Lorentz invariant action from spinors, need to
make Lorentz scalars and Lorentz vectors from spinors.

Definition: The Dirac adjoint of 1(x) is 1(x) := ¥ (z)7° =
W) (@)

Lemma: S[A]f = ~1°S[A] 7140

Proof: Work in the chiral rep of the Clifford algebra.
Then (1%)F =19, (+9)" = =", 80 (4#)1 = 7"9#9°. Thus

1
()1 =1 ("), (")) = ="s"9" O
Lemma: S[A]~190S[A] = A# 7.

Proof: We have S[A] = exp (39,,5"7). Hence
S[A] 14 S[A] = (1 - ;QWSP"> - (1 + ;QTVS”’)
== %Qpa[S’”ﬁ"]-

Compare to A = exp (32,0 M*7) = 1+ 1Q,,M*°. Thus,

we must show (Mro)# ¥ = —[SP7, +*]. Computing the
LHS and RHS, we see they are indeed equal. [

Theorem: < (z)y(x) is a Lorentz scalar, and o (z)y*(x)
is a Lorentz vector.

Proof: Under a Lorentz transformation 1 (z)w(x) maps to
VT (AT ) S[AIYOS[AJR(A ™ 2) = 9T (A )y (A )

by the first Lemma. Under a Lorentz transformation,
Y(z)y"¢(x) maps to

(AT ) SIA] T S[AJp (AT ),

so apply second Lemma and we're done. [J

Definition: The Dirac Lagrangian is defined by
L = (x)(iv" 0, — m)y(x).

From above, this is Lorentz invariant (note 9, — A”,0,
under a Lorentz transformation, i.e. transforms in opposite
way to Lorentz vector).

This Lagrangian describes a free spinor field. The
dimensions are: [¢)] = 3/2, and [m] = 1.

Theorem: The Euler-Lagrange equations of the Dirac ac-
tion are:

("0, —m)p =0, i(uh)y" +myp =0.

Proof: Varying v, we get the first equation, and varying
we get the second equation (after integration by parts). O

Definition: The equation (iv*9,, — m)y = 0 is called the
Dirac equation.

Definition: We define 4 = At = Aby,. This is
called slash notation.

In slash notation, the Dirac equation is: (i@ — m)i = 0.

The Dirac equation is, in a sense, the ‘square root’
of the Klein-Gordon equation. Indeed, each individual
component of a spinor solves the Klein Gordon equation:

Theorem: Each spinor component solves the Klein-
Gordon equation.

Proof: We have (i — m)y = 0. Apply the operator
(i@ +m). We then have:

0 = (i + m)(id — )Y = —(44" 0,0, + P}
_ (;{w,f}a,ta,, " m2) »,

since 0,0, is symmetric. Use Clifford and we're done. [

S[A] is block diagonal in the chiral rep. Hence S is the
sum of irreps, acting on subspaces of the space of spinors.

Definition: We write a spinor in the chiral rep as
Y = (up,ur)”, where uy, and ug are in C2. We call up,
and ug chiral or Weyl spinors.

From the rotation and boost matrices above, u; and
ur transform identically under rotations, but oppositely
under boosts.

Decomposing the Dirac Lagrangian into Weyl spinors, we
have:

L= iuzo“aﬂuL + iu}rgﬁ“aﬂuR — m(uEuR + u%uL)

Here, we define o = (I,0), " = (I, —o). Then the chiral

rep is
0 ot
"o
(o T)
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Terms like uTLuR mean we annihilate a right Weyl spinor,
and create a left Weyl spinor. This does not occur if
m = 0, i.e. left/right handedness does not mix. However, it
is impossible to prevent this occurring if m # 0.

Definition: In the massless case, the equations of
motion reduce to

T 0,ur, =0, i0"dup =0,

which are called the Weyl equations.

Definition: The number of degrees of freedom of a field
theory is the half the dimension of the phase space at
each spacetime point.

For a real scalar ¢, the conjugate momentum is = = ¢. So
there is 1 x 2 = 1 degree of freedom. For a complex scalar,
there are two degrees of freedom (one for a particle, and
one for the antiparticle).

For a spinor 1, the conjugate momentum is = = iy,
which is not independent of ¢. So the 4 complex com-
ponents of ¢ give 8 real components, and no more from
iyt Hence there are ; x 8 degrees of freedom. These
represent a spin-% particle: spin-up particle, spin-down
particle, spin-up antiparticle, spin-down antiparticle.

Definition: Define v° = iyYy1y243.
Theorem: {v#,7°} =0, and (v°)%? = I.

Proof: (v°)* = —(3"7'7*7*)(4%y'7*+%). Drag each
gamma matrix one at a time through the string. Start with
+°. It passes through three other gamma matrices, so pick
up a minus sign, then hits 4° which gives —I. Repeat with
others to get result.

The anti-commutation relation can be proved by ob-
serving that if T" is a string of gamma matrices, then
YHT' = (—=1)"I'v* where n is the number of gamma matri-
ces in I not equal to v (this follows since v~ = —#~Y
for u # v and yH~" = 4Y~y* if p = v). O

Definition: The projection operators are defined by
P = %(1—75) andPRZ %(I—‘r’y5)

Theorem: P? = P, P32 = Pp and P, Pr = 0.

Proof: Simple calculation. O

Definition: Define a left-handed spinor by 1y, = Pri,
where ¢ is a Dirac spinor. Similarly define a right-handed

spinor by ¥ r = Pgri.

We note that in the chiral rep,

s (I 0
7(0 _Iv

so that Pg projects onto ug and P projects onto uy.
However, the above Definition has allowed us to extend
this in a rep-independent way.

Lemma: [S,,,~°] = 0.

Proof: Use S, = ;[v*,7"] and {7°,7"} = 0. O

Using this Lemma, we see that ¢(x)y°y(z) is Lorentz
invariant, and so is 1 (z)y5v*+(z). These are not scalars
and vectors though! We will see why soon.

Definition: The parity transformation is denoted P.
It transforms 20 — 2% and z* — —2?, i.e. it reflects space.

Theorem: Parity exchanges the left and right-handed
chiral spinors: Puy, = ug, Pur, = ug.

Proof: We know uy,r + €%°/?u;,p under a rota-
tion, and ur,r + e*X*°/2u;,p under a boost. Parity
does not affect rotations, but flips boosts. So indeed
PuL/R = UR/L- ]

Immediately, this may be generalised to the rep-
independent form: Py = ¢ and Pyr = 9.

Theorem: For a Dirac spinor v, and the chiral rep of
the Clifford algebra, parity acts as Py = 7.

Proof: We note that in the chiral rep, v = (ur,ugr)?.
Hence Py = (ugp,ur)’ =+%. O

This has an obvious generalisation to Dirac spinors
not using the chiral rep.

Theorem: Under parity, ¢ is invariant. ¢~y*y is in-
variant if 4 = 0, and changes sign if u = 1.

Proof:  Work in chiral rep. From above, 1)
WT()T(0)% = ¢, since (1)1 = +°. Similarly, get
the result for vectors (get minus since {7%,7°} = 0). O

This is what we’d expect for a scalar and a vector.

20



J. M. Moore, 2019

However:

Theorem: Under parity, 1)y°+ changes sign. 17>y also
changes sign if 4 = 0, and is invariant if © = 1.

Proof: Same proof as above. [J
This is completely opposite to scalars and vectors!

Definition: We call these respective quantities pseu-
doscalars and axial vectors.

We can add pseudoscalar and axial vector terms to
the Lagrangian. These terms actually arise in nature and
break parity invariance, e.g. the weak force.

Definition: A theory which puts left and right-handed
spinors on equal footing is called vectorlike. Else, a theory
is called chiral.

Theorem: The energy-momentum tensor of the Dirac La-
grangian is -
T = iyt .

Proof: Under a translation z# — z* — ¢, the spinor
transforms as ¢(x) — ¥(x + €) = ¥ (x) + €*9,9(z). Hence
TH = iyt — v L.

To get the Noether current in general, we needed
to impose the equations of motion. So impose
(id —m) =0= (i —m)p =0= L =0.0

Theorem: The Noether current corresponding to Lorentz
transformations of the Dirac Lagrangian is

(Ju)pa = gPTHO _ OTHP ,Z@,yﬂsp%/}

orbital ang. momentum spin ang. momentum

Proof: Under a Lorentz transformation, spinors transform
as ¢ — S[A]*4"(A~'z). Now recall S[A]*; = 6%5 +
390 (MP7) 5, and (A~'2)* = a# — w* x¥. Hence the
changes in ¥*, ¢ («a) are (using €2, = w,,, which we saw
way back at the start of spinors):

1
S = —wh <xy3u¢a - Q(S;W)aﬁwﬁ) ;
_ — 1 —
0 = = (0,000 + 5(5)°.55).

We've calculated v, using ¢ ~ ®S[A]~! under the
Lorentz transformation. To calculate the Noether current,
use the standard formula and £ = 0. O

Theorem: The Dirac Lagrangian’s internal symmetry ¢ —
e'*y gives rise to the Noether current

gy = vy

d®xyT1p, which corre-

sponds to charge/particle number conservation.

The conserved charge is @ =

Proof: Standard method. O

Theorem: The Dirac Lagrangian’s axial symmetry
¢ — €@y, which appears only in the massless limit
m = 0, gives rise to the conserved current

ih =Y.

Proof: Note e=@7°~0 = 40¢i@7* S0 3 s pei®” under this
transformation. Now applying the standard method gives
the current. O

Axial symmetry is interesting. This is because it is a
symmetry that does not hold after quantisation. It is called
an anomaly.

To quantise, we need to study plane-wave solutions of the
Dirac equation.

Theorem: A solution of the Dirac equation of the
form ¢ = u(p)e~""'* is given by:

u(p) = (%ﬁ) ,

where ¢ is a two component spinor, which we can nor-
malise such that ¢7¢ = 1.

Proof: Substitute into the Dirac equation in the chiral
rep to obtain

_ ©
pomiu@ =0 = (7 P ule) =0,
Insert u(p) = (uy,uz2)”. Then (p - o)us = mu; and
(p - @)u1 = mug. Each equation implies the other, since
(p-0)(p-T) = ... = pup* =m?. 80 (p-7)(p-0) = (p-0)(p-7).

WLOG, write u; = (p - 0)¢!. Then the second equa-
tion implies uy = mét. Thus we find

up =4 (2

is a solution. Choosing the normalisation constant A =
1/m and choosing ¢ = /p-c¢t, WLOG, we get the given
solution. OJ
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It is also possible to get negative frequency solutions: ¢ =
v(p)e?, which take the form:

v(p) = (%7”) :

where nfn = 1.

Note: ¢ and n describe the spin of the field. ¢ = (1,0)
corresponds to spin up and ¢ = (0, 1) corresponds to spin
down.

Definition: The helicity operator is defined by h = p-s, i.e.
the projection of angular momentum along the direction of

motion: ) . ‘
1 ~i ik . (ot 0
h= 5 €igkP S = =pi (O 01) .

Theorem: In a basis of orthonormal 2-component spinors
€%, s = 1,2, such that (¢7)"¢* = 67, we have the orthogo-
nality relations:

u"(p)" - u*(p) = 2pod"*,
v"(p) - v*(p) = 2pod™,  T'(P) - v*(P) = —2md",
w(p)-v"(p) =0, u’(p)-

Proof: Note (,/p-0)? =p-o = ((/p- o))

=D
so assuming we take a canonical square root,

(vp-o) =/p-o. Similarly (/p-7)" = p-o.

ﬂ'f‘(p) . u?(p) — 2m67"87

The formulae then follow from a natural calculation, using
the facts that p-o +p-@ = 2py I, and (p-o)(p-&) = m?. For
the very last relation, it's easiest to write p’ = (po, —p).OU

Theorem: The following formulae hold for the outer-
products of the plane-wave solutions:

Zus(p)ﬂ( =p+m, Zv p—m.

Proof: Follow similar calculations as in the previous proof.
This time we need to know:

2
> oeE)t
s=1
This can quickly be calculated to be the identity using an

orthonormal basis for the 2-component spinors: ¢ = (1,0)
and ¢2 = (0,1). This gives:

g?(m*: (é) (1 0)+((1)) O 1)=r

Using this gives the result, together with some calcula-
tions. [

When calculating cross-sections and decay rates for
spinor fields, we need to use trace theorems of the form:

Theorem (Examples): (i) The trace of an odd num-
ber of gamma matrices is zero (none of them ~%); (ii)
tr(yy”) = dn; (i) tr(y°) = 0; (iv) tr(y°7#9") = 0; (V)
tr(yoyy Py ) = dietree.

Proof: (i) Consider tr(v{"~4>..445:7%"). We can insert a
(v%)? = I, and use the following argument:

tr(7 5% Ao ) = (s e (7))
= tr(y° 9 5%t 7)) (cyclicity)
= (=1)? (22 b,
by anticommuting ~° back through all other gamma
matrices (since {+®,v*} = 0). Hence trace is zero.

(i) To find the trace of an even number of gamma
matrices, we use a similar trick. Use cyclicity to move
one gamma matrix to the other end of the string, then
anti-commute it back to the beginning:

tr(v#9") = tr(y"7#) = tr(="y" + 20 1),
and so the result follows (use tr(I) = 4).

(i) Use same trick as (i), but insert (°)2 = I in-
stead of (v°)? = I.

(iv) Pick a # p,v and insert 422, then same trick as
(iii) works.

(v) We note that interchanging any two of the gamma
matrices in the trace changes the sign of the answer.
So this trace must be proportional to ¢**??. Hence
tr(yPyryYyPy%) = AetP?. Picking prpo = 0123, and
recalling from general relativity that 7 = —¢,,,, In
Minkowski spacetime, we have

. 2 .
X =tr(y"7%y'9*y°) = —itr(y°7) = —4i. O
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6 Quantising the Dirac field

In the Schrédinger picture, the quantised spinor fields are:

Z/ e
3
Z / P 7# ((bp)Tu*(p)Te X + cyv®(p)Te™®™

pu’ (P)e®PX + () Tvs(p)e” ),

Here, the sum is over possible spins, the annihilation and
creation operators are introduced for both spin states,
and v and v are the positive and negative frequency
plane-wave solutions to the Dirac equation. Note that both
these objects have four components, i.e. we've omitted
indices: ¥(X) = ¥ (X).

Unlike the KG field we saw earlier, we need to impose
anticommutation relations on the spinor fields:

{Wa(X),0s(¥)} = 0= {$L(X), 05 (X)),
{ta(X), ¥5(¥)} = dasd® (X —y).
Theorem: These anticommutation relations imply

{bo, (591} = (2mPra3(p — q), and {ep, ()1} =
(27)357563(p — q), with all other anticommutators zero.

Proof: Same as in bosonic case. However, we do
need to use some spinor identities from the previous
section. Best to include all indices.

Also note that to kill off the gamma matrices, we
need to consider p — —p, parity, etc. U

If we instead assumed commutation relations on the spinor
fields, we would find that [bg, (b5)T] = (27)367°6*(p — q),
and [cp, (c§)T] = —(27)3676% (p — q). The weird minus sign
means that we must interpret ¢ as the creation operator
and ¢! as the annihilation operator. This leads to the

Hamiltonian being unbounded below, which is unphysical.

Theorem: The classical Hamiltonian for a spinor field is
H = p(—iv'0; + m).

Proof: The conjugate momentum is 7 = ipT. So simply
computing H = my — L, we get the result. Note all indices
have been suppressed. [J

Theorem: The quantised, normal-ordered Hamiltonian is:

2

3
H = / (;T';E,, S (g5 +

s=1

(cp) cp) -

Proof: The ftrick is to evaluate it in chunks. Since p - x =
—a'p;, 0;ePX = —ip;e®X. Hence (—iv'0; + m)th, =

2
1 % s ip-
/ Z ( —'pi +m)apugz(p)eP™
2E,

s=1

)1 (' ), v (R) ).

Recall that u*(p) and v*(p) are solutions of the Dirac equa-
tion with (y*p,, —m)u®(p) = 0 and (v*p,+m)v*(p). Hence
we can rewrite the above as:

/dgp Ep_o -
(2r)3 V 2 Tes

s=1

(B3P + () w3 Rl

The rest of the calculation is relatively straightforward,
but we do need to use the inner-product formulae for the
plane-wave spinors partway through the calculation. [

Theorem: [H,(bp)'] = Ep(bp)', [H by =
Similar relations hold for the ¢’s.

— Epbp.

Proof: Trivial from above. O

This shows that we can interpret b and ¢ as creation
and annihilation operators.

We now label particles by their spin as well as
their momentum: |p,r) = (bp)"|0). We note
that because we have anti-commutation relations,
IP1,71; P2, 72) = —|P2,72;P1,71). That is, these particles
are fermions.

As in the bosonic case, the Heisenberg fields are:

_ 2 d3p 1 s, —ip-x s\t s i
Y(z) = ;/W’\/ﬁ (bpu (p)e 4 (CP)TU (p)e ) 7
((b;)TUS (p)Te?™ + cf,vs(p)Te*iP-m)

[ dp 1
W(I) - ;/ (271_)3 /TEP
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As in bosonic theory, we want to study the causality of the
theory.

Definition: Define (in analogy to A(z — y) in bosonic
theory) the function:

i1Sap(x —y) = {wa(x)ai,@(y)}'

Theorem: iS(z — y) = (i#, + m)[D(z — y) — D(y — x)),
where @, = v#9/0x", and D(z — y) is the propagator as
previously defined.

Proof: Via a short calculation. Need to use outer
product identity for plane-wave spinors. [

We know that for spacelike separated x and vy,
D(x —y) — D(y — z) = 0. Hence S vanishes for spacelike
separations, i.e. the anticommutator {v(z),¢5(y)} = 0
for spacelike separations.

This appears wrong! But it is not. In fermionic the-
ory, all observables are bilinear in ¢ and v, hence satisfy
normal commutation relations, and hence do commute at
spacelike separations as a consequence of the above.

Definition: The Feynman propagator of fermionic theory
is defined by:

Sr(x —y) = (0|T{t(x)v () }0)

Note this is a 4 x 4 matrix. Also, the time-ordering operator
is defined differently for fermions:

(2)3(y) if 20 > 5",
)

»(y)y(z) otherwise.

The reason the minus is required is for Lorentz invariance.
When we have spacelike separated = and y; both time-
orderings are acceptable depending on the frame, and we
need to impose {¢(z),v(y)} = 0 regardless of frame.

T{(x)d(y )}{

Slogan: Strings of fermionic operators inside a time-
ordering anticommute.

Theorem: The Feynman propagator has integral repre-
sentation:

; d'p —ip-(z—y) (erm)
SF@@/)—Z/WG e

Proof: Completely analogous to bosonic case. [J

Theorem: Sp(z — y) is a Green’s function for the Dirac
equation.

Proof: Again, analogous to bosonic case. [J

Normal ordering requires modification in fermionic theory;
it is no longer symmetric under interchange of fields. We
find:
D1 = = bty
—

Contractions are defined similar to before: (z)y(y) =
Sp(z — y), with all other fermionic contractions zero
(including contractions of a spinor field with a scalar field).

Wick’s Theorem is affected because we can only contract
fields which are next door now, though:

1 1
S1hathathy = — L 1hgtathy i= —Sp(x1 — x3) 1 Yoty k.

7 Interacting fermionic theory

Definition: The Lagrangian of fermionic Yukawa theory is
given by
1 1 -, —
L= 50.00"¢ - §u2¢2 + 0 (id — m)y — Mg

Analysing dimensions, [¢] = 1, [¢] = 2, so [A] = 0. Hence
this is a renormalisable theory.

Example: Consider nucleon-nucleon  scattering

W(p, $)(q,r) — ', s, r") (where s, r, s and
r’ label the spins). The initial and final states are:

= \/2Ep/2Eqby 3" 0 = /2Ep\/2Fq bs T

Thinking about the interaction term 11$, we see that the
first non-zero contribution to the scattering is (from Dyson’s
formula): (f|(S —1)|i) =

(—i))’

(1555 [ dtoidten T )b ()0 Een) b a0 )} D).

Wick’s Theorem allows us to expand the time-ordering. We
must contract the scalar fields, since if left uncontracted,
normal ordering would force them to annihilate |i) or |f).
This leaves us with the only contributing term:

—i)\)2 _ _
1S5 [ ateidtas <)) s A ).
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Deal with the action of the normal ordering on |i) first. Note
that the creation operators b must be cancelled by the an-
nihilation operators b in the two ’s. So anticommuting in-
side the normal ordering, we have (showing spinor indices
explicitly):

Pal@n)va (@) s (2)is (x2) byt 0) =

=t Ya(21)1p(22) 0 (21)0s(x2) : by BT [0) =

d3k1 d3k2 7
ol Uk, « L2)u
/ 27‘(‘ 69 Ek1Ek2 w 1 K1, Hwﬁ( 2) k> [3]
—i(k1-z1+ka Iz)b{gb&;b;TbaT 0)

where all other terms in the mode expansion of v (z1),
¥(xy) cancel, since they contain ¢'s and cf’s, which an-
nihilate |7) or | f). Simplifying the b, bT expression using the
anticommutation relations, we find that

bie: b, bp b ' [0) = (2)° (5% (ko — p)° (ky — q)™*6™"
—5°(ky — p)6° (ky — p)6™*6™") |0) .
This gives the final expression for the |i) side:
$ (1) tha(@1) s (22) s (22) : by bgT [0) =

1 7 7 s1,—t(qx1+p-x2
57 ([Pl aaygle o)

—[w(m)u;?][w(xa)ua}e‘i(”'“"'“)) 0.

Now applying this to | f) on the left (careful when calculat-
ing |f), because the order of the creation operators mat-
ters - they anticommute!), and expanding ¢ in exactly the
same way, we find that (f|(S — 1)|i) =

_(_i)‘)Q drad* [—s’ r][—r' s] iz1-(p' —q)+iza-(¢'—p)
T z1d To | [l ug)[tUg up] €

—(r' < §,p < q’)) Ap(z1 — x2).
Use the expression for the scalar Feynman propagator:

d4k ief’ik-(itlfl‘g)
AF(xl —372) = / (27T)4 2 _M2+7:€

to convert the exponentials into delta functions. This gives
the final result:

Agi = —(—in)? (( [ﬂélfua][ﬂal/%] B [ﬁal,ua][ﬁ;ﬁu;] ) .

¢ —p)?—pPtie  (pf—p)®—p®+ie

Note that the overall sign of the answer is up
for debate - for example, we could have chosen
iy = \/2Eq\/2Epby'b3"|0), which reproduces this
result only by anticommuting the b'’s before we start.

However, this doesn’t matter, since for all observ-
ables (i.e. cross-sections and decay rates), we take the
modulus squared of Ay; first.

Calculations such as these lead to:

The Feynman rules: The amplitude Ay; (up to a mi-
nus sign) is given by the following procedure. Begin
by drawing all possible Feynman diagrams for the pro-
cess. To each diagram, associate a value via:

1. At every vertex, write down a factor of (—i))
(obviously this is different for different interaction
terms).

2. Impose 4-momentum conservation at every ver-
tex.

3. For each internal scalar ¢ line, write a factor of the
scalar propagator:

i
P2 — p? —ie
4. For each incoming fermion line, write a ug, and for

each outgoing fermion write a .

5. For each incoming anti-fermion, write a vy and for
each outgoing anti-fermion write a vg.

6. For each internal fermion line, with spinor indices
a — (3, write a fermion propagator:

i(ﬁ-ﬁ-m)ﬁa
p2 —m?2 4+ i€

7. Contract spinor indices meeting at a vertex (in
practice, it's easiest to work back to front in the
diagram when doing this).

8. For each closed fermionic loop, introduce an ad-
ditional minus sign.

9. Integrate over all undetermined momenta.

Rule 8 may seem a little mysterious, but ultimately comes
from the anti-commutativity of fermion fields. For example,
for ¢(p) — ¢(p) propagation, we can include the one-loop
term:

Wick’s Theorem requires we contract all fermion fields as:

[
L —

1
: 'J}oz (x)wa (»T)?Zﬁ (yWJB (y) :

(Note we can’t contract two a’s, because when they are
next to one another, they are just a number!) To get
the standard form of the spinor contraction, we must anti-
commute the final ¢ to the front, past three spinor fields.
So we get an extra factor of —1, as per the Feynman rule.
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Let's now make some predictions using the theory. First of
all, we make some modifications due to spin.

Definition: In most experiments, beams of particles
are prepared with random initial spin; therefore, we aver-
age over initial spins when we calculate cross-sections
and decay rates. Also, unless we want to discriminate par-
ticular spins for sum reasons, we sum over all the possible
final spin states. Thus the final cross-section/decay rate
should use the modified amplitude squared:

1
1 2 Al
r’,s',r,s

This procedure is called taking the spin-sum average. We
write |Af;|? for the spin-sum average of |Ay;|2.

Example: For nucleon-nucleon scattering as above,
we found that Ay; was of the form A;; = A — B, for two
horrible expressions A and B. Therefore,

[Asi? = A2 + [B]? — ATB — BYA.
Let’s calculate | A|2 here, and do the rest later. Recall that

)\2 o !
A= m[u;,ua][ua,u;],

where u is one of the Mandelstam variables. So, |A]? =

Z “ Ug,a qB“p ﬂ“qv Py pé“q’é’
r,s T’ S/ H,—/ H,—/
=(d+m)ap =(ptm)ys
where the underbraces show how we can use the outer
product identities from when we studied spinors a long
time ago. Thus we get:
)\4
4(u — ji2)?
It's now possible to use the trace identities from way back
when we studied spinors to calculate:

Tr((¢ +m)(p" +m))Tr((p + m)(¢ + m)).

AP — 4\t

m(Q~p’+m2)(p-q’+m2)

We can write ¢ - p’ and p - ¢’ in terms of the Mandelstam
variables via:

u={p-¢)P=pp-—2p-d+q¢ ¢ =2m*-2p-¢,

so p-q =m? — Ju. Similarly, p’ - ¢ = m? — Lu. Hence:
TAF = (u — 4m?)?
o (u—p?)?

Given genericterms C, D in Ay;, suppose we want to com-
pute CDf. There is a recipe in terms of diagrams to go
straight to the trace form of the answer.

1. Draw the Feynman diagram that gave C, and draw the
Feynman diagram for D next to it, but with initial and
final momenta exchanged.

2. Join up all fermion lines with identical momenta.

3. Apply the Feynman rules, as usual. The rule for a
fermion loop in this case, however, is to take the trace
of the product of all matrices (p + m) where p is the
momentum of each fermion in the loop. We follow the
loop backwards when multiplying the matrices.

Example: We can calculate A in nucleon-nucleon
scattering using the method above. The A and At Feyn-
man diagrams side by side are:

So inserting the loop we have:

This immediately gives the trace result we got be-
fore, by the Feynman rules and the fermion loop rule.

Example: We can finally calculate the whole cross
section for nucleon-nucleon scattering now. Using the
above techniques we can compute [A[?, |B|2 and ABT
(note that ABT + BAT = 2Re(AB'), so it's sufficient just
to compute this). Putting them all into the formula for 2 to
2 scattering, we find:

CO N (T N
dt — 16ms(s —4m?2)2 \ (u — p?2)? (t — p2)?
1 [/ (s—4m?)? — (u— 4m?)? — (t — 4m?)?

( )

2 (t = p?)(u—p?

2

To get the full cross section from the differential cross
section, we need to integrate over ¢.

Recall that in the centre of mass frame, the sum of
three momentum is zero, so p = —q, p’ = —¢/, and by
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conservation of energy,

Vm? + [P+ /m? (a2 = v/m? + [P+ Vm? + g2
= [Pl =[P’

Thus all energies and masses are equal in this problem.
Hence t = (p — p’)?

=p?+p° —2p-p =E*— |pP+ E” — |p'|* - 2EE' + 2p-

— 2|/ (cos(60) — 1)

Since 6 € [0, 7] is the scattering angle, it follows we must
integrate over the range [—4|p|?, 0].

We can finish the whole calculation in the massless
limit. Recall that:

s=(p+q)°=p"+¢ +2p-q=2m*+2(EpEq—p-q)
=2m?* +2(m? + |p|* + |p[*) = 4(m* + |p/*).

Note we have dt = 2|p|?dcos(f), and so in the massless
limit
dt S

dcos() 2

Hence:

do s do 31

dQ 4mdt  64n2s
We can now integrate over the sphere, since s has no 6 or
¢ dependence. We get:

3\*
o= .
167s

This is actually wrong by a factor of 2 - why? Because the
final particles are identical, in the big cross-section formula
where we integrate over momenta, in some regions we’ll
count the same scenario twice. Thus we must divide by 2
right at the end of the calculation.

8 Quantum electrodynamics

Definition: The photon field is a vector field written A,,.
The field-strength tensor for A,, is given by:

Fu = 0,A, — 0,A,.
The Lagrangian for the free electrodynamic theory is

1 v
£: 7ZFIU/FM .

Theorem: The equation of motion of 4, is 9, F*" = 0.
Proof: Quick calculation. O

Theorem: The Bianchi identity holds:
6‘,\F,“, + alqu)\ + ayF)\# =0.
Proof: Just insert definition in terms of 4, and check. [J

The above definitions and theorems are motivated by
the following. When we write:

o _ (@
o ()

and define the electric and magnetic fields by:
E=-Vo—A B=VxA,
then the field-strength tensor becomes:
0 E, FEy Ej
—F; 0 —Bs; B
—FEy Bj 0 —Bs
—FE3s —By By 0
When inserted into 9,F*” = 0, this recovers the un-
sourced Maxwell equations: V-E = 0and E = V x B.

When inserted into the Bianchi identity, we recover the
Maxwell equations V-B=0and B= -V x E.

F, =

We now want to quantise. We know from our gen-
eral physics knowledge that the photon has two real
degrees of freedom, but A, has 4! How do we cut these
down? We notice the following about this theory:

e Ay is time independent, since it has no kinetic term
in the Lagrangian (would need 9y Aq - not allowed by
antisymmetry of F},,).

Also note that V - E = 0 implies V24, + V- A = 0,
which can be solved via Green’s function:

s, V-A
— | Bx
Aoi/dx 4r|x — x|’

S0 Ay is completely determined by the evolution of the
other fields. Thus reduced to 3 degrees of freedom.
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e The Lagrangian has a gauge symmetry given by
A, — A, + 0,\(z), where ) is any function such that
A — 0 as [x| — oco. It's easy to check F),, is invariant
under this symmetry, and thus so is L.

Gauge symmetries are not like true symmetries. They rep-
resent a redundancy in our description of the system in the
following sense. The equation of motion can be written as
N0, FPY = 0, so expanding F*”, we have

(M (950°) = 0,8, ) A = 0.

Note that the operator (0, (0,0”) — 0,,0,) is not invertible,
since it annihilates any function of the form 9, A(z). So
A* is impossible to determine uniquely; instead, it is
determined up to a choice of gauge.

Definition: When A, can be reached from A, by a
gauge transformation, we say they are in the same gauge
orbit. Our configuration space of A,’s is therefore foliated
by gauge orbits.

Picking a gauge is the process of picking a point on

each gauge orbit in a smooth manner. Our choice of
gauge must intersect each gauge orbit exactly once:

Important examples of gauge choices are:

Definition: Coulomb gauge is specified by the con-
dition V-A =0.

Theorem: Coulomb gauge is a valid choice of gauge.
Proof: If A, is our initial field, obeying V - A = 0, suppose
we want to gauge-transform to Aj,. Generally, this will
have V- A" = f(x) for some f. So A/, = A, + 9, \(z)
implies that V2\ = f. This is Poisson’s equation, so has
solutions, so we can gauge-transform from A4, to A),. O

Definition: Lorentz gauge is specified by the condi-
tion 9, A" = 0.

Theorem: Lorentz gauge is a valid choice of gauge.

Proof: Similar proof to Coulomb. [

Lorentz gauge has the advantage that it is manifestly
Lorentz invariant. Coulomb gauge has the advantage
that the condition V - A = 0 makes it clear how another
degree of freedom is absorbed, leaving two real degrees
of freedom for the photon.

The photon field is easiest to quantise in Lorentz gauge,
0, A" = 0. How do we impose this gauge condition?

Theorem: Replacing the free Lagrangian £ = —iF“”FM
by
L= le FHY — i(8 A2
4" 2

for some «, automatically imposes Lorentz gauge. The
new equation of motion is:

0,01 AY + (i - 1) 0”9, A" = 0.

Proof: Lorentz gauge is imposed using the 1/« equation
of motion; that is, we must treat 1/a as dynamical and
consider the term we’ve added as a Lagrange multiplier.
The equation of motion is found by standard methods. O

Definition: Confusingly, different choices of « are
also referred to as different gauges. « = 1 is called
Feynman gauge, and « = 0 (i.e. retaining only the second
term —1(9,A*)?) is called Landau gauge.

Theorem: The conjugate momenta are given by:
1 , . .
™ =—=0,A", w1 =-A"4+0"A°
«

Proof: We have

oL
9, A,

1
= —Fo — — 7P, A"
(67

Inserting ¢ = 0 and expanding F??, we can read off the
results. O

Using this Theorem, we can compute the classical
Poisson bracket structure of the theory:

Theorem: {4,(x), A,(y)} =0 = {m,(x),m,(y)}, and
{Au(X), T ()} = 76> (X —y).

Proof: The field-theoretic Poisson bracket is:

— 3y 6f 59 — 5f 59
{f, 9} —/d X'y <5¢i(x/) Smi(x)  omi(x') 5<¢>¢(X’))’

i

where the ¢ derivative is the variational derivative. The first
two Poisson bracket identities are then obvious. The third
is given by:

' 0A, o om, 6A
— [ Bx (2w lTw  OTw 00
{Au(X), m(Y)} = / d”x (5Aa dre  §A, (5770‘)

- /d3x’ 5% Nawd® (X — X' )6*(y — X')

= 77#!/53()( -y). O
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It is now a simple matter to write down the commutation
relations of the quantised theory:

[Au(X), Au(Y)] = 0 = [m.(x), m,(Y)],
[Au(x)7 T, (Y)] = in,“,(SB(X -y).

We now want to perform a mode expansion for A,,(x) and
7,.(X). We make the usual mode expansion for A, (X):

=3 [

A=0

e)‘(p)a,),‘eip'x + eﬁ*(p)a;ﬁe*ip'x

2|p

Here, note the energy factor in the denominator has
become |p| since photons are massless. The ¢* vectors
are called polarisation vectors.

WLOG, we may choose ¢’ to be timelike, and € to
be spacelike. We may also WLOG assume that the
polarisation vectors obey the orthonormality relation:

We can choose the polarisation vectors to parallel classical
electrodynamics. Choose ¢! and ¢? to be the transverse
polarisations of the photon, i.e. ¢! - p = €2 - p = 0. Choose
€3 to be the longitudinal polarisation, i.e. the polarisation in
the direction of travel of the photon. Then if a photon has
4-momentum p* = |p|(1,0,0,1), we may take WLOG the
polarisation vectors to be:

OO O
o O = O
\.l\')

O = OO
w
= O O O

A useful result is the completeness relation for the polari-
sation vectors:

Theorem: We have:
> e (p) = nu-

Proof: Use the basis above. Since the final result is basis
independent, it holds for all possible polarisations. [

We have a similar relation, but only summing over
the physical degrees of freedom:

Theorem: We have:

3
> erp)e (p) =
A=1

Proof: PROOF STILL REQUIRED HERE. O

p,upu

Mu‘i‘

)

In the Heisenberg picture, the mode expansion becomes
(as usual):

3
d3p 1 . * t o
): / eA(p)a)‘e ip-x +6)\ (p)a)\ etpr
2| oy (P o)

We can then compute: A,,(z) =

—ip-x * T ipx
BB (e o Py

B
_Zé/(Qw

Recall 7% = —1 A% — 1y . A and 7' = —A" + 97 A°. Since
the A fields commute, they also commute with their spa-
tial derivatives, so we can actually write the (equal-time)
commutation relations above as:

[AM (X, t)v A, (y, t)} =0= [AM (X, t)7 AV (y7 t)]a
[AM (x, t)’ A° \2 t)] = _O‘iéou(sg (X - y)a
[Au(x, 1), Ay, )] = =i6",8°(x —y).

Theorem: We have the following:

’ T T i
[al’,\,aa‘ ]=0= [a;‘ 7a{]\ I, [ag,aqT] =0,
(a9, a§'] = —a(27)*5°(p — ),

i gt ij
lap- a§ ] = 57 (27)*5%(p — q).

Proof: Long calculation; can verify quickly by substituting
into above commutation relations and using the complete-
ness relation for the polarisation vectors. O

Theorem: The photon propagator is (0|7{A,(z)

B / dp  —i

) (2m)tp? +ie
Proof: Set 2 > y° and compute A,,(z)A, (y) sandwiched
between (0| and |0). The calculation will reach the point:

/ d®p e (@-v)
CORETY

Use the completeness relation for the physical states i =
1,2,3 to evaluate €, (p)e.,” (p), and by subtracting the full

completeness relation and the physical completeness re-
lation, find that

Ay (y)}0)

<77;w + (OL - 1)]9;]291/) eiip.(xiy).

(—acl (@)l (P) + €L (P)e, ()

Pubv
p2

S (p)e) (p) =

Introduce a contour integral over p° to get the remaining
factors, as for the scalar propagator. [
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Some of the commutation relations for the a’s look unusual.
Define |p, A) = a" [0). Then
(p. A =0lg, A = 0) = (0]aga§'|0) = —a(2r)*5*(p — q).

So the state (p, A = 0) has negative norm. This is very bad.

To fix this, we need to use the constraint from the «
equation; i.e. we need to impose the Lorentz gauge
condition 0, A* = 0. There are three ways of doing this:

1. Enforce this equation as an operator equation. Then
7 = —19,4" = 0, and then our commutation rela-
tions break down.

2. Impose 0, A" [¢) = 0 on all physical state |¢). Again,
this is too strong, since it’s clear that 9, A* ~ ap — af),
so that 9, A" does not annihilate the vacuum. Thus
not even the vacuum is a physical state in this regime!

3. Finally, writing:

3 3
456 = [ G 2 (P ),
A=0
_ _ d3p 1 2 A AT zpz
A;L(x)_/(2) mg(eu (p)p )7

we say that physical states |¢) are those defined
by 9,A*"(x)|) = 0. Therefore, 0,A* has van-
ishing matrix element between all physical states:
(|0, A ) = 0.

Definition: The condition 9,A*"(z)|v) = 0 is called
the Gupta-Bleuler condition.

Write |4) |vr) |¢) for a generic state, where [|¢7)
contains all the transverse elements of the photon (i.e.
those created by o' and a?). By expanding 9,A*"
completely, we find that the Gupta-Bleuler condition in the
polarisation basis above is equivalent to:

(aa - a&) |¢> = 07

which means that physical states must contain combina-
tions of longitudinal and timelike polarisations only.

Clearly this means that some states can have Zzero
norm. This is also not very good; we thus treat these zero
norm states as an equivalence class. Two states differing
only in timelike/longitudinal pairs are treated as physically
equivalent.

Indeed, no observables depend on pairs |¢), e.g. the
Hamiltonian of the theory is

a’p . it i of o
H = (23 Zap ap — Gp g | -
i=1
Since (ai — ap) [¢) = 0 on physical states, we see that

(plad’ad — ad'ally) = 0. So the timelike and longitudinal
pieces cance/ Ieavmg only the transverse contribution.

Theorem: Any operator coupled to a photon must be a
conserved current.

Proof: Interaction terms in the Lagrangian coupling
to photon appear as —j*A,. These give rise to the
classical equation of motion J,F*” = j* when added to
the Lagrangian, and hence taking the derivative 9, of both
sides, we see 0,,j¥ = 0. O

Thus if we want to add fermions to our theory, we
need to add fermionic conser!ed currents. But we have
loads of these! An example is yy* .

Definition: The Lagrangian of quantum electrodynamics
(QED) is given by

1 . _
L= _ZF/,LVFMV + 1/1(“? - m)w - el/WMAM/%
where e is some coupling constant.

I's crucial that this is gauge invariant. We can see

that it is by defining:
Definition: The covariant derivative is defined by
Dy = 0u +ieAyn.

In terms of the covariant derivative, the QED Lagrangian is

L= —iFWF*“’ + YD — m)p.

Theorem: Under a gauge transformation ¢ — e~ ®)y)
of the spinor field, the expression D, transforms to

efze)\ lﬂ/}
Proof: We have

D, — aﬂ(e—ieA(w)w) +ie(A, + 6#A(x))e—i€*<w)¢ _

e NG —iep(Dp (@) N Y+ ie(Ay + OuA(x))e N

_ e—ie)\(m) D,u'd]a

as required. [

From this result, it's easy to see that the QED Lagrangian
is indeed gauge invariant.
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The coupling constant e has an important interpretation.
Since the equations of motion here are:

OuFH = ",
it follows that we have a conserved charge:

_ Bp &
Q=—c / X = —e / (2753 (5705 — ca'cp) -
s=1

Hence Q = —eN is conserved, where N is the different
between the number of particles and anti-particles. It
appears that e should have the interpretation of the
electric charge of the fermion. Particles have the opposite
charge of their anti-particles.

When we calculate cross-sections and decay rates
later on, it will be useful to define:

Definition: The fine-structure constant is
- e? N 1
T T3

It's easy to write down the Feynman rules of QED:
1. The photon propagator is given by:

In Feynman gauge (a = 1), this is just —in,,, /p*.

2. For an incoming or outgoing photon, add a polarisa-

; o
tion vector ¢, /eg -

3. The only interaction vertex, between two fermions and
a photon, has value —iey".

For a complex scalar ¢, note that if we define the covariant
derivative by

D, ¢ = 0,0 —ieqA,d,
where ¢ is the charge of ¢ in units of ¢, we have under
a gauge transformation ¢(z) +— €@ ¢(z) that D,¢
eeM®) D, ¢. Thus

1
L=~ FuF" + (Do) (D*6)!
is a gauge invariant Lagrangian.

Definition: The above Lagrangian is the Lagrangian
of scalar electrodynamics.

Writing out the Lagrangian in full, we have the inter-
action terms:

Lint = ieq(¢p'0'p — (8"0)Td) A, + 22 A, A T 6.
This immediately gives the vertex rules:

1. There is a vertex where two photons and two scalar
particles meet. The factor is —ie?q?.

2. There is a vertex where two scalars and a photon
meet. This has a derivative coupling. Since

dp 1 - i
o i —ip-T ol o T i
0 ¢ - / (27’(’)3 \/E (( p )bPe + (Zp )CP € ) )

we get a factor of eq and:

e —ipt for an incoming scalar of momentum p*;
e ipt for an outgoing anti-scalar of momentum p#;

e ipi for an incoming anti-scalar of momentum p*
(from (0*¢)' term);

e —ipt for an outgoing scalar of momentum p*
(again, from (0"¢)' term).

Example: Consider electron to muon scattering:
e (p,s)et(q,r) = u (', s)ut(¢,r"). There is only one
diagram for this process, since electrons and muons don’t
couple. The Feynman rules give:

. 1(—1e)” o / _ s

g =~ (o (@ @) )
Neglecting masses of the fermions, and calculating the
spin-sum average we have:

— 2¢t
AP = =5 + %),

(It's possible to use fermion loop techniques here.)

The differential cross section is therefore:

dt 8mst

Since we are working in the massless limit, u = —s — ¢,
and thus

do  e*(u® +1t?)

do  e(2t* + 2st + s?)

dat 8mst
Also s = (p+q)? = 2p - ¢ = 4|p|? (assuming p = —q, i.e.
in the COM frame) and

t=(p—p)?=-2p p =2[p||p'|(cos(6) — 1).

Using conservation of energy: 2./|p|? = 2v/|p'|? = |p| =
|p’|, so all momentum have the same magnitude in this
problem. Thus ¢ = 1s(cos() —1). When § = 0, get ¢ = 0.
When 6 = 7, get t = —s. So integrate in the range [—s, 0].

Doing so gives the final answer: o = 4ra?/3s (on
replacing e? by o appropriately).

Any corrections to the amplitude would be at loop or-
der with 4 vertices, i.e. O(e') = O(a?). Hence the
amplitude would become A = aA° + a2 A + - - -, and thus
the cross section would be corrected at order O(a?). This
is very small!
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