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Symmetries and quantum mechanics

Abstract

We discuss the implementation of symmetries in quantum mechanics via unitary projective representations on Hilbert spaces.
We discuss the transition between projective and non-projective representations via Bargmann's Theorem, and end by giving
applications in quantum field theory.

1: Symmetries and Wigner's theorem

Our key goal in the Symmetries, Fields and Particles course is to implement symmetries in the quantum theory (and see the nice
things that we get when we do); hence let's quickly recap how quantum mechanics works:

SUMMARY OF HILBERT SPACE QUANTUM MECHANICS

A quantum system Q comprises (i) a set of physical states S in which it can reside, and (ii) a set of observables O which
we can measure the system for. These qualities are realised in mathematics as follows:

- Postulate I: The quantum system O has an associated Hilbert space H.

- Postulate I1: Given a non-zero vector ¢ € H, we define the ray containing ¢ to be the set:

[W]={M: A eCy.

The set of all rays, called the projective Hilbert space P(#H), partitions H\{0}. The set of physical states S is in
bijection with some subset P C P(H), called the set of physical rays. We usually set P = P(H).!

- Postulate IlI: The set of observables O is in bijection with some subalgebra .4 C H (H) of the algebra of Hermi-
tian operators on the Hilbert space.

- Postulate IV: (The Born rule) If the system Q is in the physical state corresponding to the ray [¢)] € P, ona
measurement of the observable corresponding to the Hermitian operator A € A, we see the eigenvalue a* of A
with probability:

Prob(seea”) = |([¢], [¢a+])]%,

where 1, is the projection of 1) onto the eigenspace of A with eigenvalue a*, and the bracket (-, -) : P(H) x
P(H) — Cis called the ray product, defined by:

(o)
. 0)(@:9)

After the measurement, the system is in the physical state corresponding to the ray [1),+].

([¢], [9]) =

- Postulate V: Suppose we have two quantum systems, described respectively by the Hilbert spaces H; and Hs.
Then the joint system corresponds to the tensor product Hilbert space H1 ® Ho.

- Postulate VI: Let ¢ be a time coordinate for the quantum system in some frame of reference, and let [¢)(t)) be
the state of the system at that time. There exists a distinguished observable H, called the Hamiltonian, which
describes the evolution of the state via the Schridinger equation:

|y (t))
d

= = HIp).




J. M. Moore, 2022

We should now decide how symmetries should be implemented in the quantum theory. Physically, a natural way to think
about a ‘symmetry’ is: a reversible transformation of the physical state of a system that leaves all experimental observations the same.
In quantum mechanics, this statement has the following translation into mathematics:

- Atransformation of the physical state of a quantum system Q with corresponding Hilbert space H is some map
S:P—=7P,

where P is the subset of physical rays in P(H). The requirement that a symmetry is a reversible map implies that S
should be invertible, and hence a bijection.

- If we scan through the axioms of quantum mechanics, summarised on the previous page, we see that the only ac-
tual prediction of the quantum theory is the Born rule, which tells us the probability distribution for the outcome of
any measurement. Therefore, to ensure that experimental observations remain the same under a symmetry transfor-
mation, all we have to do is ensure that this probability distribution remains unaffected - we see that this is indeed
fulfilled if we ask a symmetry S to obey:

i.e. we ask any symmetry to preserve the ray product.

Hence, a reasonable definition of a symmetry in quantum mechanics might be the following (this definition was introduced
by Eugene Wigner in 1931):

Definition: Let Q be a quantum system with associated Hilbert space H. Let P be the set of physical rays in the projec-
tive Hilbert space P(H). A symmetry (in the sense of Wigner) is a bijective map of the physical rays S : P — P which

preserves the ray product, (S[¢], S[#]) = ([¢], [¢]).

This is all well and good, but projective Hilbert space P(H) is a pretty nasty place to have to do calculations - it's not even
a vector space! We would much rather exploit the vector space structure of H to do calculations. Therefore, we would like
a way of ‘projecting down symmetries’ from being transformations of projective Hilbert space to being operators on Hilbert
space.

A natural way to do this is the following. At the level of projective Hilbert space, a symmetry maps a ray [¢)] € P to a ray
S[y] € P. If we were working in Hilbert space H however, wed have to first pick a representative of this ray before we applied
the transformation. Suppose we pick the representative ¢ € [1)]. After the transformation, this representative must be sent
to some representative of the transformed ray, S[¢]. Hence our transformed representative ¢’ should obey ¢' € S[¢].

Hence our desired Hilbert space operator U : . — H should be such that forall ¢ € [¢], we have U¢ € S[¢)]. This
is precisely the notion we want of ‘projecting down’ the symmetry transformation to an operator on Hilbert space:

Definition: Let S : P — P be asymmetry transformation on the physical rays of a projective Hilbert space P(H). We
say thatan operator U : H — H on Hilbert space is compatible with S'if for all rays [1)] € P, we have that

o €[] implies Ug € S[y].

"The case P C P(H) implies having some rays in projective Hilbert space which do not correspond to physical states. This can occur if certain symme-
triesare present; forexample, ina Hilbert space involving both bosonicand fermionicstates, superpositions of bosons and fermions are forbidden physically
butstill existin the projective Hilbert space. We say that a superselection ruleis in force, and that the bosonic and fermionicstates live in different superselection
sectors of the Hilbert space. We ignore such subtleties in this course.
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Fortunately, there are always operators compatible with symmetry transformations, and they take a very specific form:

Wigner's Theorem: Suppose that the set of physical rays of a quantum system with Hilbert space H is given by the
whole projective Hilbert space P = P(H). Then for every symmetry S : P — P, there exists a compatible operator
U : H — HsuchthatU iseither:

(i) linear and unitary. Recall that U is linear if U (M) + ng) = XUy + nU¢forall\;n € Candp, ¢ € H,andU
is unitary if (U, U¢) = (¢, ¢) forallp, ¢ € H.

(i) anti-linear and anti-unitary. Recall that U is anti-linear if U (M) + nd) = A* Uy + n* Ugpforall \,n € Cand
¥, ¢ € H,and U is anti-unitary if (U, Up) = (¢, )* forall, ¢ € H.

If the Hilbert space  is one-dimensional, then there exists a compatible linear, unitary U and a compatible anti-linear,
anti-unitary U".

*Proof:* Non-examinable. [

2: Projective representations and Bargmann's theorem

We are now in a good position to construct a quantum theory which has symmetry group G. By Wigner's theorem, we now
know that toimplement the group G in the quantum theory every symmetry g € G should be represented by either a linear,
unitary or anti-linear, anti-unitary operator U(g) : H — H. If we write U (H ) for the set of operators on the Hilbert space
‘H that are either linear, unitary or anti-linear, anti-unitary, we see that we must choose an appropriate map:

U:G — UH).

However, our choice of U shouldn't be arbitrary. Instead, we should choose U such that we can perform composition of
symmetries in the group G or in the space U/ (H). This implies that for all states ¢ € H, we must have:

U(S1)U(S2)1 = (51, S2,1)U(S152),

for some complex number ¢(S1, Sa, ) # 0, which appears since physical states are rays in Hilbert space. We first notice
that this constant must be a phase, which we can prove as follows:

Theorem: The above constant ¢(.S1, S2, ¢) must be a phase.

Proof: Note that for both unitary and anti-unitary U we have (U, Uv) = (1, %)), since in the anti-unitary case we
have (Uy,U) = (v, 1)* = (1, ) by conjugate symmetry of the inner product. Hence we have forall ¢ € H.:

(10, 10) = (U(S1)U(S2), U(S1)U(S2)1b) (U(S1), U(Sy) are (anti-)unitary)
= (c(S1, S, YU (S1.52), ¢(S1, Sa, ¥)U (S192)1)) (definition of ¢(S1, S2, 1))
= |e(S1, S2, ) |*(U(S152)%, U (S1.52)%) (bilinearity)
= |e(S1, S2, %) (¢, ¢) (U(S,S5) is (anti-)unitary).

It follows that |c(S1, S2,1)|? = 1as required. (I

Thus, let us write ¢(S1, S, ¥) = ?7(51:52.%)
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The phase (.S, Sa, 1) could in principle depend on the symmetries we are using and the vector ¢) we are acting on - how-
ever, we can simplify things in the case where the set of physical states is the whole projective Hilbert space:*

Theorem: If P = P(H), the phase (51, Sz, 1) is independent of the state 1.

Proof: By unitarity of antiunitarity, for any pair of vectors ¢, 1) € H we have:
X((#,9)) = (U(S1)U(82)¢, U(S1)U(S2)1)) = (€71 52DU(818)¢, 751521 (5182)0))

— ei(’y(517s2yw)_7(51’s27¢))x((¢a ¢))

where x(z) = zorx(z) = z* depending on the unitary or antiunitary nature of the operators (note that if U (51.55)
is unitary or antiunitary, then U (S7)U (S2) must be unitary or anitunitary respectively).

It follows that whenever (¢,%) # 0, we must have e!(7(51:92:9)=7(51.52:¢))  — 1. Hence v(S1, So,%) =
~v(S1, Sa, ) (mod 27) whenever 1), ¢ are non-orthogonal, and hence y can be chosen independent of the state.

In the case that ¢, ¢ are orthogonal, consider ¢» + ¢ € H (if P # P(H), this vector may not correspond to a
physical state, hence the assumption in the theorem). Then:

¢SS0 (S, §,)h + €715 (8, 8y)p = €171 528 (8, 8, (1) + )
=U(S1)U(S2)(¥ + ¢)
= U(S1)U(S2)¢ + U(S1)U(S2)9
= SRS, 85) + AU (S1.85) 0,

by linearity or antilinearity of U(S1), U(S2), U(S1.52). Now, unitary operators and antiunitary operators both pre-
serve inner products (up to complex conjugation in the latter case), so in particular preserve norms and preserve or-
thogonality. Thisif ¢, 1 are orthogonal, we must have U (S1.52) ¢, U (5152 )1 orthogonal too. Comparing coefficients

in the above then, we have:
eV (51:52,94¢) _ ,i7(51,92,9) _ i7(51,52,6)
b

so that y(S1,52,% + ¢) = (51, 52,%) = (51,52, $), modulo 2. It follows that we can choose (.51, S2, 1)
independent of ¢ in all cases. [

It follows that our ‘symmetry implementation map’ U : G — U(#H) must obey the general property:
U(Sl)U(Sg) = 6i7(s1’52)U(S152).

This property is a slight generalisation of what it means to be a representation; we call U a projective representation:

Definition: Amap U : G — GL(V), where V is a complex vector space, is called a projective representation of the group
G if it obeys the condition: '
Ug)U(h) = €7 @MU(gh)

forall g, h € G.The phase~(g, h) is called a cocyle.

Z|n the case where P C P(H.), then itis possible to show that the Hilbert space breaks up into a direct sum of spaces, called superselection sectors; we
can then show thaty(S1, S2, ¢) depends only on S, S2 and the superselection sector to which 1) belongs.
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The above discussion has led us to conclude that classifying the ways that a group G can be implemented in a quantum the-
ory is the same task as classifying (unitary and anti-unitary) projective representations of the group G.

This doesn't seem very useful, because throughout the course we only discuss representations rather than projective representa-
tions. However, there is an important theorem that tells us how we can ‘deprojectivise’ (i.e. pass from a projective representa-
tion to an ordinary representation) projective representations of Lie groups; this theorem is called Bargmann's theorem. First,
we must define some new mathematical terms:

Definition: Let M and C' be topological spaces. We say that C' is a covering space for M if there exists a continuous,
surjective map p : C' — M, such that for all open sets U C M, the preimage p~*(U) is the disjoint union of open
setsin C, each of which is homeomorphicto U via p. We call p the covering map for the covering space.

A universal covering space for M is a covering space C' which is simply-connected. It can be shown that universal covering
spaces are unique up to homeomorphism.

The universal covering group of a Lie group G is the universal covering space G of G viewed as a topological space. It can
be shown that G is also a Lie group.

With these terms, we can make precise the sense in which we wish to ‘deprojectivise’ the projective representation:

Definition: Let U:G— G L(V) be a projective representation of the group G on the complex vector space V, and let
G be the universal covering group of G, with coveringmapp : G — G.

Suppose thatU : G G GL(V) is an ordinary representation of the universal covering group G on the complex vector
space V. We say that U is a lift of U to the universal covering group if we have:

U:Uop.

This final condition ensures that we can ‘project back’ to the projective representation using the covering map.

We are now ready to state the theorem:

Bargmann's Theorem: Let Ubea projective, unitary representation of a Lie group G. Then U can be lifted to an
ordinary, unitary representation U of the universal covering group G.

*Proof:* Beyond the scope of the course. [

Note that the theorem is about unitary representations, but usually we can just add in the anti-unitary elements of the rep-
resentation as an afterthought (e.g. in representations of the Poincaré group, the representations are generated completely
by unitary elements and a single anti-unitary element related to reversing the flow of time).

This theorem has an exceptionally important application in quantum mechanics: if we wish to implement the symmetry
group GG inquantum mechanics, it is sufficient to classify the ordinary, non-projective unitary (or anti-unitary) representations
of its universal covering group G. Thisis essentially what we shall do in the rest of the course, when we consider implement-
ing rotations SO(3) in quantum mechanics (with universal cover SU(2)) and the Lorentz group SO (1, 3) in quantum
mechanics (with universal cover SL(2, C)).?

3More generally, the universal covering groups of SO (p), SO(p, q), SO (p, q) are called the spin groups Spin(p), Spin(p, q), Spin™ (p, ¢) (so that
Spin(3) = SU(2) and Spin™ (1, 3) = SL(2, C))-the reason for the name will become apparent later in the course, when we see that transitioning to
the universal cover forces us to introduce spin in quantum mechanics.
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3: Applications of symmetry in QFT
There are numerous applications of symmetry in QFT, but here are a few of the most important ones:

- CLASSIFYING FREE PARTICLES. The story we have told throughout this handout has a very important consequence when
the group G we wish to implement in the quantum theory is the group of spacetime symmetries. Let's suppose that

U:G—UH)

is an ordinary representation of the universal covering group G of the spacetime symmetry group G, consisting of
unitary and anti-unitary operators on some Hilbert space . An interesting question we might ask is: what is the in-
terpretation of an irreducible representation U?

Recall that spacetime symmetries correspond to changing observers. In particular, this means that U (g)1 should be
interpreted as a ‘rotated version of ¢’ or a ‘translated version of ¢, etc. In particular, any representation H (since it has
an invariantinner product, as U is unitary) can be decomposed into irreducible representations:

H= @n(,’ﬂa

where the irreducible representations H,, correspond to ‘states related by changing observers’. On the contrary, we
cannot relate H, and Hg for a # 3 by some change of observers.

Wigner realised that this meant we could consider the irreducible representations H,, to be the ‘Hilbert spaces of free
particles’. This is because each of the H,, has different transformation properties under the symmetry group's univer-
sal cover G (otherwise they would be the same as irreducible representations), and hence can be distinguished from
one another physically, but states within ,, should be considered as ‘viewing a free particle state from different ref-
erence frames’. The reason we consider these particles ‘free’ is because the symmetry group G of spacetime usually
include time translations, so we have to assume that the particle is doing nothing - it looks the same at any time.

In the case of the Poincaré group, which is the symmetry group of Minkowski spacetime, we find that the irreducible
unitary representations are labelled by two numbers: an arbitrary real number m € R, which we interpret as the
mass of the particle, and a non-negative integer s, which we interpret as the spin (or helicity in some cases - see later
on) of the particle. Hence the fundamental properties of mass and spin pop out of the theory magically! We will see
this later in the course when we study irreducible representations of the Poincaré group (this classification is called
the Wigner classification).

The key point to take away from this intuition is:

Definition: An irreducible representation of the universal covering group G of the spacetime symmetry group G is
called a free particle (in the sense of Wigner).

We can use this definition to construct fully-fledged interacting theories:

- CONSTRUCTION OF QUANTUM FIELDS. States with more than one free particle are to be found in the tensor product spaces
Hoy ® ... ® Hy,, . From these spaces, we can form a new Hilbert space called Fock space, given by:

F=Co|PHs|o.. 0 P Ha®. . @Ha, | ...

X1, 0n

A Fock space is supposed to capture the notion that we could have no particles in our system, or we could have one
particle in our system, or we could have n particles in our system, etc.
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We can move between the n particle space and the n + 1 particle space using creation and annihilation operators. Let's
focus on the case that there is a single irreducible representation of our spacetime symmetry group, call it H, and
suppose that this space is spanned by the basis states H = {|p)} where p is some label. Then Fock space takes the
form:

F=CoHOSHOIH)®---.

Writing the n-fold tensor product of H as H", we define the creation and annihilation operators via:*
a;g CHT s H a;; D1, s Pn) = [P1y s Py D) s

with the appropriate extension by linearity, and

. 0 if p; # pforanyi;
ap I TR VLR ap [p1, . Pn) = 4 i
D1y s Die1s Dig1---Pn)  ifpi =D,

again with the appropriate extension by linearity.

Itis possible to show that any operator on Fock space can be written in terms of creation and annihilation operators.
In particular, some Hamiltonian for the system H (which could include interactions where particles are created or de-
stroyed) must be expressible in terms of creation and annihilation operators.

It turns out that under the further assumption that such a H is a local function (i.e. can be written as an integral of
some operator, representing the Hamiltonian density, over spacetime) that H must be expressed only in terms of
specific linear combinations of creation and annihilation operators, namely quantum fields. However, this becomes
quite technical, and we will not discuss the details in this course - see Weinberg's Quantum Theory of Fields \olume | for
further information.

- GAUGE SYMMETRY. As a last application we consider gauge symmetry, but in even vaguer terms than the previous point
(a proper discussion takes us too far off track from this course). If we take the spacetime symmetry group G to be the
Poincaré group in the above, then one of the possible irreducible representations we find is a spin-1 massless particle.
However, there is a complication in this case when we want to write down an associated quantum field - it turns out
that any quantum field we wish to write down in this case is actually undetermined. The freedom in the description is
called the gauge redundancy of the field.

If we choose to have a spin-1 massless particle in our theory then (which we must, because they exist in Nature!), we
will be working with a gauge theory. Choosing the way that the spin-1 massless particle self-interacts determines the
gauge group of the theory, which should be selected to correspond to Nature.

So symmetry is very important - it determines a huge amount about the structure of a quantum theory! These points should
motivate the more detailed exposition we will cover later in the course.

4Actually, slightly more care is necessary here, because we wish to identify the states [p1, p2, .., pn) and |p2, p1, ..., pn) for example. This requires a
discussion of particle statistics, which can lead to phases being necessary in the definitions of the creation and annihilation operators. We know we've chosen
the right or the wrong phase when we try to write down associated quantum fields and things go wrong - this is the famous spin statistics theorem, but it is
not part of the main narrative of this course. The definitions we have written down for the creation and annihilation operators only work in the bosonic case;
amore detailed treatment is given in Weinberg's Quantum Theory of Fields Volume |.




